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Abstract. To model combinatorial decisionproblemsinvolving
uncertaintyandprobability, we introducestochasticconstraintpro-
gramming. Stochasticconstraintprogramscontain both decision
variables(which we canset)andstochasticvariables(which follow
a probability distribution). They combinetogetherthe bestfeatures
of traditionalconstraintsatisfaction,stochasticintegerprogramming,
andstochasticsatisfiability. We give a semanticsfor stochasticcon-
straintprograms, andproposea numberof completealgorithmsand
approximation procedures.Finally, we discussa numberof exten-
sionsof stochasticconstraintprogrammingto relaxvariousassump-
tions like the independencebetweenstochasticvariables,andcom-
parewith otherapproachesfor decisionmakingunderuncertainty.

1 Intr oduction

Many decisionproblemscontainuncertainty. Dataabout eventsin
thepastmaynotbeknown exactlydueto errorsin measuringor diffi-
cultiesin sampling,whilst dataabouteventsin thefuturemaysimply
not be known with certainty. For example,whenschedulingpower
stations,weneedto copewith uncertaintyin futureenergy demands.
As a secondexample,nurserosteringin anaccidentandemergency
departmentrequiresusto anticipatevariability in workload. As a fi-
nal example,whenconstructinga balancedbond portfolio, we must
dealwith uncertaintyin thefuturepriceof bonds.To dealwith such
situations,weproposeanextensionof constraintprogrammingcalled
stochasticconstraint programmingin which we distinguishbetween
decisionvariables,which we are free to set,andstochastic(or ob-
served)variables,which follow someprobability distribution.

2 Stochastic constraint programs

Wedefineanumber of modelsof stochasticconstraintprogramming
of increasingcomplexity. In anonestagestochasticconstraintsatis-
factionproblem(stochasticCSP),the decisionvariablesaresetbe-
fore the stochasticvariables.This modelssituationswherewe act
now andobserve later. For example,we have to decidenow which
nursesto have on duty andwill only laterdiscover theactualwork-
load. We caneasily invert the instantiationorder if the application
demands, with the stochasticvariablessetbeforethe decisionvari-
ables.Constraintsare defined(as in traditional constraintsatisfac-
tion) by relationsof allowed tuplesof values.Constraintscan,how-
ever, be implementedwith specializedand efficient algorithmsfor
consistency checking.The stochasticvariablesindependently take
valueswith probabiliti esgivenby a probabilitydistribution.We dis-
cusslater how to relax theseassumptions,and how this compares�
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with otherframeworks.A onestagestochasticCSPis satisfiableiff
thereexists valuesfor the decisionvariablesso that, given random
valuesfor the stochasticvariables,the probability that all the con-
straintsaresatisfiedequalsor exceedsathreshold� . Theprobabilistic
satisfactionof constraintsallows usto ignoreworlds (valuesfor the
stochasticvariables)which arerare.Notethatthedefinitionreduces
to thatof a traditionalconstraintsatisfactionproblemif we have no
stochasticvariablesand ����� .

In a two stagestochasticCSP, therearetwo setsof decisionvari-
ables,�	� � and �	��
 , andtwo setsof stochasticvariables,�	� � and �
� 
 .
Theaim is to find valuesfor thevariablesin ��� � , so thatgiven ran-
domvaluesfor �	� � , wecanfind valuesfor ����
 , sothatgivenrandom
valuesfor �
� 
 , the probability that all the constraintsare satisfied
equalsor exceeds� . Notethatthevalueschosen for thesecondsetof
decisionvariables����
 areconditionedon boththevalueschosenfor
thefirst setof decisionvariables��� � andon therandomvaluesgiven
to thefirst setof stochasticvariables�
� � . This canmodelsituations
in which itemsareproducedandcanbeconsumed or put in stockfor
laterconsumption.Futureproduction thendependsbothon previous
production(earlierdecisionvariables)andon previousdemand(ear-
lier stochasticvariables).A � stagestochasticCSPis definedin an
analogousway to oneandtwo stagestochasticCSPs.

A stochasticconstraintoptimizationproblem(stochasticCOP)is
a stochasticCSPplus a costfunction definedover the decisionand
stochasticvariables.The aim is to find a solution that satisfiesthe
stochasticCSPwhich minimizes(or, if desired,maximizes)the ex-
pectedvalueof thecostfunction.

3 Production planning example

The following stochasticconstraintprogram models a simple �
quarterproduction planningproblem.In eachquarter, we will sell
between100 and105 copiesof a book. To keepcustomershappy,
we want to satisfydemandin all � quarterswith 80% probability .
At thestartof eachquarter, we decidehow many booksto print for
thatquarter. This problemis modelledby a � stagestochasticCSP.
Thereare � decisionvariables,�	� representingproduction in each
quarter. Thereare also � stochasticvariables,� � representingde-
mandin eachquarter. Thesetake valuesbetween����� and ����� with
equalprobability. Thereis a constraintto ensure1stquarterproduc-
tion meets1stquarterdemand:

� ��� � �
Thereis alsoaconstraintto ensure2ndquarterproductionmeets2nd
quarterdemandplusany unsatisfieddemandor lessany stock:

� 
 � � 
���� � ��� � �! 
And thereis a constraintto ensure" th quarterproduction(" �$# )
meets" th quarterdemandplus any unsatisfieddemandor lessany



stock:

��% � ��% � %'&
�(

�*) � � � � � � �  
Wemustsatisfythese� constraintswith athresholdprobability �����+ , . This stochasticCSPhasa number of solutionsincluding � � ������ for each- (i.e. alwaysproduceasmany books asthemaximum
demand).However, this solutionwill tendto producebookssurplus
to demandwhich is undesirable.

Supposestoringsurplusbook costs$1 perquarter. We candefine
a � stagestochasticCOPbasedon this stochasticCSPin which we
additionallymiminizetheexpectedcostof storingsurplusbooks.As
the numberof surplusbooksin the " th quarteris .0/21 �*3 % �4) � � � �� �65 �  , we have a costfunctionover all quartersof:

7(
% ) � .0/21 �

%(
�4) � �8� � �9� 5 �  

Note that a solutionto a stochasticCSPor COPdefineshow to set
later decisionvariablesgiven the valuesfor earlier stochasticand
decisionvariables.

4 Semantics

A stochastic constraint satisfaction problem is a 6-tuple: � 5!;<5>=?5!@A5!BC5 �9D where � is a list of variables, ; is the sub-
setof � which arestochasticvaribles, = is a mapping from � to
domains, @ is a mapping from ; to probability distributions for
the domains,B is a setof constraintsover � , and � is a threshold
probability in the interval E � 5 �GF . Constraintsare definedby a set
of variablesand a relation giving the allowed tuples of values.
Variablesaresetin theorderin which they appearin � . Thus,in an
onestagestochasticCSP, � containsthedecisionvariablesandthen
the stochasticvariables.In a two stagestochasticCSP, � contains
thefirst setof decisionvariables,thefirst setof stochasticvariables,
thenthe secondsetof decisionvariables,andfinally the secondset
of stochasticvariables.

A policy is a treewith nodeslabelledwith variables,startingwith
the first variable in � labelling the root, and endingwith the last
variablein � labelling the nodesdirectly above the leaves.Nodes
labelled with decisionvariableshave a single child, whilst nodes
labelledwith stochasticvariableshave onechild for every possible
value.Edgesin thetreearelabelledwith valuesassignedto thevari-
ablelabelling the nodeabove. Leaf nodesarelabelledwith 1 if the
assignmentof valuesto variablesalongthepathto theroot satisfies
all the constraints,and0 otherwise.Eachleaf nodecorresponds to
a possibleworld and hasan associatedprobability; if H � is the - th
stochasticvariableon a pathto the root, IJ� is the valuegiven to HG�
on thispath,(i.e. thelabelof thefollowing edge),andK
LJMON � H!�P�QI��  
is the probability that H � �RI � , thenthe probability of this world is
simply S � KTLJMON � H � ��I �  . We definethesatisfactionof a policy as
the sumof the leaf valuesweightedby their probabiliti es.A policy
satisfiesthe constraintsiff its satisfactionis at least � . A stochastic
CSPis satisfiableif f thereis apolicy which satisfiestheconstraints.
The optimal satisfaction of a stochasticCSPis the maximumsat-
isfaction of all policies.For a stochasticCOP, the expectedvalue
of a policy is the sumof the objective valuations of eachleaf node
weightedby their probabilities. A policy is optimal if it satisfiesthe
constraintsand maximizes(or, if desired,minimizes)the expected
value.

Consideragaintheproduction planningproblemandatwo-quarter
policy that sets � � �U���JV and if � �XW ����� then � 
 �Y� � � �
else � � �Z����� and � 
 �[����� . We canrepresentthis policy by the
following (partial)tree:

0 0 0 0 0 0

\\\105 ]]_^^
` `a ab b b 100

y2

106
x2

1 1 1 1 1 1

\\\ ]]_^^
` `a ab b by2

105
x2

. . .

104
x2

. . .

x2

. . .

102
x2

0 1 1 1 1 1

\\\ ]]_^^
` `a ab b by2

100
x2

cccccccc105 ddd
e ef f fg g g g gh h h h h h h h 100

y1

104
x1

By definition,eachof the leaf nodesin this treeis equallyproba-
ble. Thereare i 
 leaf nodes,of which only j arelabelled0. Hence,
this policy’s satisfactionis �lk i � j  nm k i , andthepolicy satisfiesthe
constraintsasthis justexceeds ������+ , .
5 Complexity

Constraintsatisfaction is NP-completein general.Not surprisingly,
stochasticconstraintsatisfactionmovesusup thecomplexity hierar-
chy. It may thereforebe usefulfor modellingproblemslike reason-
ing underuncertaintywhich lie in thesehighercomplexity classes.
We show how a number of satisfiability problemsin thesehigher
complexity classesreduceto stochasticconstraintsatisfaction. In
eachcase,the reductionis very immediate.Note that eachreduc-
tion canberestrictedto stochasticCSPson binaryconstraintsusing
a hiddenvariableencodingto mapnon-binaryconstraintsto binary
constraints.The hiddenvariablesareaddedto the last stageof the
stochasticCSP.

PP, or probabilisticpolynomial time is characterizedby the PP-
completeproblem,MAJSAT whichdecidesif at leasthalf theassign-
mentsto asetof Booleanvariablessatisfyaclausalformula.Thiscan
be reducedto a onestagestochasticCSPin which thereareno de-
cisionvariables,thestochasticvariablesareBoolean,theconstraints
arethe clauses,the two truth valuesfor the stochasticvariablesare
equally likely andthe thresholdprobability �o�$��+ � . A numberof
other reasoning problemslike plan evaluation in probabilisticdo-
mainsarePP-complete.

NPp�p is the class of problems that can be solved by non-
deterministicguessing a solutionin polynomial time (NP) andthen
verifying this in probabilistic polynomial time (PP). Givena clausal
formula,E-MAJSAT is theproblemof decidingif thereexistsanas-
signmentfor a setof Booleanvariablesso that, given randomized
choicesof valuesfor the other variables,the formula is satisfiable
with probability at leastequalto somethreshold � [LGM98]. This
can be reducedvery immediatelyto an one stagestochasticCSP.
A number of other reasoningproblemslike finding optimal size-
boundedplansin uncertaindomainsareNPp�p -complete.

PSPACE is theclassof problemsthatcanbesolved in polynomial
space.Note thatNP q PP q NPp�p q PSPACE. SSAT, or stochastic
satisfiabilityis anexampleof a PSPACE-completeproblem.In SSAT,
wehaveaclausalformulawith � alternatingdecisionandstochastic
variables,andmustdecideif the formula is satisfiablewith proba-
bility at leastequalto somethreshold � . This can be immediately
reducedto a � stagestochasticCSP. A numberof otherreasoning
problemslikepropositional STRIPSplanningarePSPACE-complete.



6 Completealgorithms

We presenta backtracking algorithm for solving stochasticCSPs,
which is thenextendedto a forwardchecking procedure.

6.1 Backtracking

We assumethatvariablesareinstantiatedin order. However, if deci-
sion variablesoccur together, they canbe instantiatedin any order.
A branchingheuristiclike fail first may thereforebe usedto order
decisionvariableswhich occurtogether. Onmeetinga decisionvari-
able,thebacktracking (BT) algorithmtrieseachvaluein its domain
in turn. The maximumvalue is returnedto the previous recursive
call. On meetinga stochasticvariable,we try eachvaluein turn,and
returnsthe sumof the all answersto the subproblemsweightedby
the probabilities of their occurrence.At any time, if instantiatinga
decisionor stochasticvariablebreaksa constraint,we return 0. If
we manage to instantiateall thevariableswithout breaking any con-
straint,we return1.

procedureBT( r , s�t , sGu )
if rwvyx then return1s{z |~}� z |o�
for each ���{�����*���l�

if � � ��� then� z | prob(� �8� � � )� z | �����
if �n�!x	�nr4�n���nx��6�*� �P� � � ) thens�z |�s + �
� BT( r���� , � t�� � �	�� , � u�� �� )

if sAv?sGu then return s
if s�� �A  s t then return s

else
if �n�!x	�nr4�n���nx��6�*� �P� � � ) thens�z |~¡£¢G¤ ( s ,BT( r��?� ,¡£¢G¤9�4sO¥¦s t � , s u ))

if sAv?s u then return s
return s

Figure 1. Thebacktracking (BT) algorithm is called with thesearch depth,§
andwith bounds,̈!© and ¨Gª . If theoptimalsatisfaction lies betweenthese

bounds,BT returnstheexact satisfaction. If theoptimal satisfaction is ¨ © or
more,BT returnsa valuegreater thanor equal to ¨4© . If theoptimal

satisfaction is ¨6ª or less,BT returnsa valuelessthanor equal to ¨«ª . ¬ is the
setof stochasticvariables.

Upperandlower bounds, � © and � ª areusedto prunesearch.By
setting � ª �­� © �­� , we candetermineif theoptimalsatisfactionis
at least � . Alternatively, by setting � ª �R� and � © �$� , we cande-
terminetheoptimalsatisfaction.Thecalculationof upperandlower
bounds in recursive calls requiressomeexplanation. Supposethat
thecurrentassignmentto a stochasticvariablereturnsa satisfaction
of �'® . Wecansafelyignoreothervaluesfor thisstochasticvariableif� � K~¯?�'® � � © . Thatis, if �O® �±° u & °² . This givestheupperbound
in therecursive call to BT on a stochasticvariable.Alternatively, we
cannothopeto satisfytheconstraintsadequately if � � K³¯A� ® �µ´µ¶ � ª
as ´ is themaximumthat theremainingvaluescancontribute to the
satisfaction.That is, if �O® ¶ ° t & ° &
·² . This givesthe lower bound in
therecursivecall to BT onastochasticvariable.Finally, supposethat
thecurrentassignment to adecisionvariablereturnsasatisfactionof� . If this is morethat � ª , thenany othervaluesmustexceed � to be
partof a betterpolicy. Hence,we canreplacethelower boundin the
recursive call to BT on a decisionvariableby .¹¸'º � � 5 � ª  . Because
of thesebounds,valueorderingheuristicscanreducesearch.For de-
cision variables,we shouldchoose valuesthat are likely to return
the optimal satisfaction.For stochasticvariables,we shouldchoose
valuesthataremorelikely.

6.2 Forward checking

TheForwardChecking(FC)procedureis basedontheBT algorithm.
On instantiatinga decisionor stochasticvariable,the FC algorithm
checksforward andprunesvaluesfrom the domainsof futuredeci-
sionandstochasticvariableswhich breakconstraints.Checkingfor-
wardsfails if a stochasticor decisionvariablehasa domainwipeout
(dwo), or if a stochasticvariablehasso many valuesremoved that
we cannot hopeto satisfythe constraints.As in the regular forward
checkingalgorithm,we canusean2-dimensional array, KTLJ»
¼P½ � - 5 "  
to recordthe depthat which the value IG% for the variable � � is re-
movedby forwardchecking. This is usedto restorevalueson back-
tracking.In addition,eachstochasticvariable,��� hasanupperbound,´ � on theprobability thatthevaluesleft in its domaincancontribute
to a solution.Whenforwardcheckingremovessomevalue, I>% from� � , we reduce ´ � by KTLOMON � � �µ¾ IO%  , the probability that � � takes
thevalue I % . This reductionon ´ % is undoneon backtracking. If for-
ward checking ever reduceś � to lessthan � ª , we backtrackasit is
impossibleto set � � andsatisfytheconstraintsadequately.

procedureFC(r , s t , s u )
if rwv�x then return1sAz |?}
for each ���A�¿�¿�*�J�À�

if �OÁ�Â x	���*r�¥lÃG�w|?} then
if check(��� � ��� , s t ) then

if � � �µ� then� z | prob(� �w� � � )� ��z | � � ���s{z |�s�� �
� FC(r9��� , � t�� � �	� �� , � u�� �� )
restore( r )
if sÄ� � �   s t then return s
if sAv~s u then return s

elses{z |~¡£¢!¤ ( s ,FC(r���� , ¡£¢!¤��4sO¥Ås t � , s u ))
restore( r )
if sAv~s u then return s

elserestore(r )
return s

procedurecheck( � �w� � � , sGt )
for Æ£|ÇrJ�?� to x

dwo := true
for � t �¿���*�9È��

if �OÁ�Â x	���4Æ�¥¦ÉÊ�8|~} then
if inconsistent(� �w� � � , �9È � � t ) then�OÁ�Â x����4Æ�¥¦ÉÊ��z |Çr

if �9ÈË�µ� then� È³z | � È � prob(�9È � � t )
if � È   s t then returnfalse

elsedwo := false
if dwo then returnfalse

returntrue

procedure restore( r )
for Ã�|ÇrJ�~� to x

for ��ÈË�¿���*� � �
if �OÁ�Â x	���ÌÃG¥6Æ��w|Çr then�OÁ�Â x����ÌÃ�¥6Æ��8|~}

if � � ��� then � � z | � � � prob(� ��� � È )
Figure 2. Theforwardchecking (FC) algorithm is called with thesearch
depth,

§
andbounds,̈!© and ¨Gª . If themaximumsatisfaction of all policies

lies between thesebounds,FCreturnstheexact maximumsatisfaction. If the
maximumsatisfaction of all policiesis ¨À© or more,FC returnsa value

greater thanor equal to ¨�© . If theminimumsatisfaction of all policiesis ¨«ª
or less,FC returnsa valuelessthanor equal to ¨4ª . ¬ is thesetof stochastic

variables.Thearray Í � is anupperboundon theprobabilit y that the
stochastic variable Î � satisfiestheconstraints andis initi ally setto 1, whilstÏ�Ð�Ñ�Ò
ÓOÔ §¦ÕÅÖJ× is thedepthat which thevalue

Ö
is prunedfrom Î � andis

initi ally setto Ø which indicatesthat thevalueis not yet pruned.

7 Experimental evaluation

WeimplementedtheBT andFCalgorithmsin CommonLisp andran
themon theproductionplanningproblemgivenin Section3, aswell



ason a rangeof randomlygeneratedproblems.For the production
plannngproblem,we usea simpleheuristicwhich ordersvaluesfor
thedecisionvariablesby their size.This will tendto keepstocklev-
elslow. It will alsoensurethattheworldsin which we fail to satisfy
thedemandconstraintsarethosewheredemand is muchhigherthan
average.Resultsaregiven in Table1 with the thresholdfor satisfi-
ability � set to 0.8. Similar resultsareobtainedfor othernon-zero� . Surprisingly, performancewasrelatively insensitive to theprecise
valueof � used.

Numberof BT FC
quarters nodes CPU/sec nodes CPU/sec

1 28 0.01 10 0.01
2 650 0.09 148 0.03
3 17,190 2.72 3,604 0.76
4 510,346 83.81 95,570 19.07
5 15,994,856 3,245.99 2,616,858 509.95

Table 1. Backtracking (BT) andforward checking (FC) algorithmson the
production planning problem from Section 3. CPUtimesarefor a Common
Lisp implementation running underLinux on anancient133MHzPentium,
whilst “nodes”arethenumberof nodesvisitedin theand/or searchtree.

Theperformanceadvantageof theFCalgorithmover theBT algo-
rithm increasesasthestochasticCSPincreasesin size.Onthelargest
problemin Table1, theFC algorithmvisits approximately1/6th the
searchnodesin roughly1/6ththeCPUtime.This is in line with our
resultsonrandomproblems,wheretheFCalgorithmisoftenanorder
of magnitudefasterthantheBT algorithm.Evenlargergainscanbe
expectedon problemsin which constraintsapply to variableswhich
aresetfarapartin thesearchtree.Onsuchproblems,forwardcheck-
ing will prunedomains far down the searchtree,therebyavoiding
deepbacktracks.

Our resultsshow that theFC algorithmclearlydominatestheBT
algorithm.Consistency testingand domainpruning ensuresthat it
only visits a small fraction of the possibleworlds. Furtherperfor-
mancegainscouldbeobtainedby morepowerful constraintpropaga-
tion, moreintelligent backtracking, andmoresophisticatedbranch-
ing heuristics.Theseareall areasfor futurework.

8 Approximation procedures

There are a number of methodsfor approximatingthe answerto
a stochasticconstraintprogram.For example,we can replacethe
stochasticvariablesin a stochasticCSPby their mostprobableval-
ues(or in ordereddomainslike integersby their medianor integer
meanvalues),andthensolve (or approximatetheanswerto) there-
sultingtraditionalconstraintsatisfactionproblem.Similarly, we can
estimatethe optimal solutionfor a stochasticCOPby replacingthe
stochasticvariablesby their mostprobablevaluesandthenfinding
(or approximating theanswerto) the resultingtraditionalconstraint
optimizationproblem.WecanalsouseMonteCarlosamplingto test
a subsetof thepossibleworlds.For example,we canrandomlygen-
eratevaluesfor the stochasticvariablesaccordingto their probabil-
ity distribution. If thefractionof theresultingconstraintsatisfaction
problemsthataresatisfiableis at leastequalto thethreshold� , then
theoriginal stochasticconstraintsatisfactionproblemis likely to be
satisfiable.It wouldalsobeinterestingto develop localsearchproce-
dureslike GSAT andWalkSAT [SLM92, SKC94]which explorethe
“policy space”of stochasticconstraintprograms.

9 Extensions

We have assumedthat stochasticvariablesare independent. There
areproblemswhich may requireus to relax this restriction.For ex-
ample,a stochasticvariablerepresenting electricitydemandmayde-
pendon astochasticvariablerepresentingtemperature.It maythere-
fore be useful to combinestochasticprogrammingwith techniques
like Bayesnetworkswhich allow for conditionaldependenciesto be
efficiently andeffectively represented.An alternative solution is to
replacethedependentstochasticvariablesby asinglestochasticvari-
ablewhosedomainis the productspaceof thedependentvariables.
This is only feasiblewhen thereare a small numberof dependent
variableswith smalldomains.

Wehave alsoassumedthattheprobability distribution of stochas-
tic variablesis fixed,anddoesnot depend on earlierdecisionvari-
ables.Again, thereareproblemswhich may requireus to relax this
restriction.For example,thedecisionvariablerepresenting pricemay
influencea stochasticvariablerepresentingdemand.A solutionmay
againbe to combinestochasticprogramming with techniques like
Bayesnetworks.We have alsoassumedthattheprobability distribu-
tion is known in advance.It would beinterestingto exploremethods
for estimatingit basedon observation.

Finally, we have assumedthat all variable domains are finite.
Thereareproblemswhichmayrequireusto relaxthisrestriction.For
example,in scheduling powerstations,wemayuse0/1decisionvari-
ablesto modelwhetherapowerstationrunsor not,but havecontinu-
ous(observed) variablesto modelfutureelectricitydemands.A con-
tinuousprobability densityfunction could be associatedwith these
variables.Similarly, a continuous decisionvariablecould be useful
to model the power output. Interval reasoningtechniquescould be
extendedto dealwith suchvariables.

10 Relatedwork in decisionmaking under
uncertainty

Stochasticconstraintprogramsareclosely relatedto Markov deci-
sion problems(MDPs). An MDP model consistsof a setof states,
a setof actions,a statetransitionfunctionwhich givestheprobabil-
ity of moving betweentwo statesasa resultof a givenaction,anda
reward function.A solutionto an MDP is a policy, which specifies
thebestactionto take in eachpossiblestate.MDPsThesehave been
very influential in AI of late for dealingwith situationsinvolving
reasoningunderuncertainty[Put94].Stochasticconstraintprograms
canmodelproblemswhich lack the Markov propertythat the next
stateandrewarddepend only on thepreviousstateandactiontaken.
To representastochasticconstraintprogram in which thecurrentde-
cision depends on all earlierdecisionswould requirean MDP with
an exponentialnumber of states.Stochasticconstraintoptimization
canalsobe usedto modelmorecomplex reward functionsthanthe
(discounted)sumof individual rewards.

Stochasticconstraintprogramsare also closely relatedto influ-
encediagrams.InfluencediagramsareBayesiannetworks in which
the chancenodesare augmentedwith decisionand utility nodes
[OS90].Theusualaim is to maximizethesumof theexpectedutili-
ties.Chancenodes in aninfluencediagramcorrespond to stochastic
variablesin a stochasticconstraintprogram,whilst decisionnodes
correspondto decisionvariables.The utility nodes correspondto
the costfunction in a stochasticconstraintoptimizationproblem.It
would thereforeberelatively straightforwardto mapstochasticcon-
straintprogramsinto influencediagrams.However, reasoningabout
stochasticconstraintprogramsis likely to be easierthan aboutin-



fluencediagrams.Ù First, the probabilisticaspectof a stochasticcon-
straintprogramis simpleanddecomposableasthereareonly unary
marginal probabiliti es.Second,the dependenciesbetweendecision
variablesandstochasticvariablesarerepresentedby declarativecon-
straints.We can thereforeborrow from traditional constraintsatis-
factionandoptimizationpowerful algorithmictechniqueslikebranch
andbound,constraintpropagationandnogoodrecording.As aresult,
if a problemcanbemodelledwithin themorerestrictedformatof a
stochasticconstraintprogram,we hopeto beableto reasonabout it
moreefficiently.

11 Relatedwork in constraints

Stochasticconstraintprogramming is inspiredby bothstochasticin-
teger programming and stochasticsatisfiability [LMP00]. It shares
the advantagesthat constraintprogramming hasover integer pro-
gramming(e.g.non-linearconstraints,andconstraintpropagation).
It alsosharesthe advantagesthat constraintprogramming hasover
satisfiability(e.g.global andarithmeticconstraints,andmorecom-
pactmodels).

Mixed constraintsatisfaction [FLS96] is closely relatedto one
stagestochasticconstraintsatisfaction.In a mixedCSP, thedecision
variablesaresetafter thestochasticvariablesaregivenrandom val-
ues.In addition,therandomvaluesarechosenuniformly. In thecase
of full observability, theaimis to find conditionalvaluesfor thedeci-
sionvariablesin a mixedCSPsothatwe satisfyall possibleworlds.
In the caseof no observability, the aim is to find valuesfor the de-
cisionvariablesin a mixedCSPsothatwe satisfyasmany possible
worlds.An earlierconstraintsatisfactionmodelfor decisionmaking
underuncertainty[FLMCS95] also includeda probability distribu-
tion over thespaceof possibleworlds.

Constraintsatisfaction hasbeenextendedto include probabilis-
tic preferenceson thevaluesassignedto variables[SLK99]. Associ-
atedwith thevaluesfor eachvariableis a probability distribution.A
“best” solutionto the constraintsatisfactionproblemis thenfound.
This may be the maximumprobability solution(which satisfiesthe
constraintsand is mostprobable), or the maximumexpectedover-
lap solution (which is most like the true solution). The latter can
be viewed as the solution which hasthe maximumexpectedover-
lap with onegeneratedat randomusingtheprobabilitydistribution.
Themaximumexpectedoverlapsolutioncouldbe foundby solving
a suitableonestagestochasticconstraintoptimizationproblem.

Branching constraint satisfaction [FB00] models problems in
which thereis uncertaintyin the numberof variables.For example,
wecanmodelanurserosteringproblemby assigningshiftsto nurses.
Branchingconstraintsatisfactionthenallows usto dealwith theun-
certainty in which nursesare available for duty. We can represent
suchproblemswith a stochasticCSPwith a stochastic0/1 variable
for eachnurserepresentingtheiravailability.

A number of extensionsof the traditional constraintsatisfaction
problem model constraintsthat are uncertain,probabilistic or not
necessarilysatisfied.For example,in partial constraintsatisfaction
we maximizethe numberof constraintssatisfied[FW92]. As a sec-
ond example,in probabilistic constraintsatisfactioneachconstraint
hasa certainprobability independentof all otherprobabilitiesof be-
ing partof theproblem[FL93]. As a third example,bothvaluedand
semi-ringbasedconstraintsatisfaction[BFM Ú 96] generalizesprob-
abilistic constraintsatisfactionaswell asa numberof other frame-
works. In semi-ringbasedconstraintsatisfaction,a value is associ-
atedwith eachtuple in a constraint,whilst in valuedconstraintsat-
isfaction,a valueis associatedwith eachconstraint.However, none

of theseextensionsdealwith variablesthat may have uncertainor
probabilisticvalues.Indeed, stochasticconstraintprogramming can
easilybecombinedwith mostof thesetechniques.For example,we
candefinestochasticpartialconstraintsatisfactionin whichwemax-
imize the numberof satisfiedconstraints,or stochasticprobabilis-
tic constraintsatisfactionin which eachconstrainthasanassociated
probabilityof beingin theproblem.

12 Conclusions

We have proposedstochasticconstraintprogramming, an exten-
sionof constraintprogramming to dealwith bothdecisionvariables
(whichwecanset)andstochasticvariables(whichfollow someprob-
ability distribution). This framework is designed to take advantage
of the bestfeaturesof traditional constraintsatisfaction,stochastic
integer programming, andstochasticsatisfiability. It canbe usedto
modelawidevarietyof decisionproblemsinvolving uncertaintyand
probability. We have givena semanticsfor stochasticconstraintpro-
gramsbasedupon policies.Thesedeterminehow decisionvariables
are set depending on earlier decisionand stochasticvariables.We
have proposeda numberof completealgorithmsandapproximation
proceduresfor stochasticconstraintprogramming. Finally, we have
discusseda number of extensionsof stochasticconstraintprogram-
ming to relaxassumptionslike theindependencebetweenstochastic
variables,andcomparedit with otherapproachesfor decisionmak-
ing under uncertaintylike Markov decisionproblemsandinfluence
diagrams.
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