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Abstract. To model combimatorial decision problemsinvolving
uncertaintyand probability, we introducestochasticconstraintpro-
gramming. Stochasticconstraint programscontain both decision
variables(which we canset)andstochastio/ariables(which follow
a probablity distribution). They combinetogetherthe bestfeatures
of traditionalconstraintsatisaction,stochastiéntegerprogramming
andstochasticsatisfiability We give a semanticdor stochastiacon-
straintprograms andpropcsea numberof completealgorithmsand
approximaion proceduresFinally, we discussa numberof exten-
sionsof stochasticonstrainprogrammingo relaxvariousassump-
tions like the indepenéncebetweenstochasticvariables,and com-
parewith otherapproaclesfor decisionmakingunderuncertainty

1 Intr oduction

Many decisionproblemscontainuncertainty Dataabou eventsin
thepastmaynotbeknown exactly dueto errorsin measuringor diffi-
cultiesin sampling whilst dataabouteventsin thefuture maysimply
not be known with certainty For example,when schedulingpower
stationswe needto copewith uncertaintyin futureenegy demand.
As a secondexample,nurserosteringin anaccidentandemegengy
departmentequiresusto anticipatevariability in workload As a fi-
nal example,whenconstructinga balancedoond portfolio, we must
dealwith uncertaintyin thefuture price of bonds. To dealwith such
situationswe proposeanextensionof constrainpprogrammingalled
stodasticconstaint programmingin which we distinguishbetween
decisionvariables,which we arefree to set,and stochastiqor ob-
sened)variableswhich follow someprobalility distribution.

2 Stochastc constraint programs

We defineanumbe of modelsof stochasticonstrainfprogramming
of increasingcompleity. In anonestagestochasticonstraintsatis-
factionproblem(stochastidCSP),the decisionvariablesare setbe-
fore the stochasticvariables.This modelssituationswherewe act
nowv andobsenre later For example,we have to decidenow which
nursesto have on duty andwill only laterdiscover the actualwork-
load. We can easily invert the instantiationorder if the application
demandswith the stochastiovariablessetbeforethe decisionvari-
ables.Constraintsare defined(as in traditional constraintsatistc-
tion) by relationsof allowed tuplesof values.Constraintsan, how-
ever, be implementedwith specializedand efficient algorithmsfor
consisteng checking.The stochasticvariablesindepemlently take
valueswith probalbiliti esgiven by a probability distribution. We dis-
cusslater how to relax theseassumptionsand how this compares
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with otherframavorks. A onestagestochasticdCSPis satisfiableff
thereexists valuesfor the decisionvariablesso that, given random
valuesfor the stochasticvariables,the probability that all the con-
straintsaresatisfiecequalsor exceedsathresholdd. Theprobabilistic
satishctionof constraintsallows usto ignoreworlds (valuesfor the
stochastiovariables)which arerare.Note thatthe definitionreduces
to that of a traditionalconstraintsatisfiction problemif we have no
stochastio/ariablesandé = 1.

In atwo stagestochastidCSR therearetwo setsof decisionvari-
ables,V;1 andV,., andtwo setsof stochasticvariables Vs andViss.
Theaimis to find valuesfor the variablesin V51, sothatgivenran-
domvaluesfor V31, we canfind valuesfor V2, sothatgivenrandom
valuesfor V2, the probability that all the constraintsare satisfied
equalsor exceedd). Notethatthevalueschose for thesecondsetof
decisionvariablesV;; areconditioredon boththevalueschoserfor
thefirst setof decisionvariablesV;; andontherandomvaluesgiven
to thefirst setof stochastiosariablesV;;. This canmodelsituations
in whichitemsareproducedandcanbe consume or putin stockfor
laterconsunption. Futureprodwction thendepemls bothon previous
production(earlierdecisionvariables)andon previousdemandear
lier stochastioariables) A m stagestochasticCSPis definedin an
analogos way to oneandtwo stagestochasticCSPs.

A stochasticonstraintoptimizationproblem(stochasticCOP)is
a stochasticCSPplus a costfunction definedover the decisionand
stochasticvariables.The aim is to find a solution that satisfiesthe
stochastiacCSPwhich minimizes(or, if desired,maximizes)the ex-
pectedvalueof the costfunction.

3 Production planning example

The following stochasticconstraintprogram modds a simple m
quarterprodiction planning problem.In eachquarter we will sell
between100 and 105 copiesof a book To keepcustomershappy,
we wantto satisfydemandin all m quarterswith 80% probablity .
At the startof eachquarter we decidehow mary booksto print for
thatquarter This problemis modelledby a m stagestochastidCSP
Therearem decisionvariables,z; representingrodiction in each
quarter Thereare alsom stochasticvariables,y; representingde-
mandin eachquarter Thesetake valuesbetweenl00 and105 with
equalprobability Thereis a constrainto ensurelstquarterproduc-
tion meetslstquarterdemand:
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Thereis alsoa constrainto ensure2ndquartermproductionmeets2nd
quarterdemandplusary unsatisfieddlemandor lessary stock:

T2 > y2 + (y1 — 1)

And thereis a constraintto ensurejth quarterproduction(j > 2)
meetsjth quarterdemandplus ary unsatisfieddemandor lessary



stock:
j—1
2 >y + > (yi — i)
i=1

We mustsatisfythesem constraintswvith athresholdprobability § =
0.8. This stochasticCSPhasa numbe of solutionsincluding z; =
105 for eachi (i.e. alwaysprodwce asmary books asthe maximum
demand)However, this solutionwill tendto producebookssurplus
to demandwhichis undesirable.

Suppossestoringsurplusbook costs$1 per quarter We candefine
am stagestochasti®COPbasedon this stochastid€CSPin whichwe
additionallymiminizethe expectedcostof storingsurplusbooks. As
the numberof surplusbooksin the jth quarteris min( §=1 T; —
yi, 0), we have acostfunctionover all quartersof:

J

i min(z i — Y5, 0)
j=1 1

i=

Note thata solutionto a stochasticCSPor COP defineshow to set
later decisionvariablesgiven the valuesfor earlier stochasticand
decisionvariables.

4  Semantics

A stochastic constraint satishction problem is a 6-tuple
(V,S,D, P,C,0) whereV is a list of variables, S is the sub-
setof V' which are stochasticvaribles, D is a mappng from V' to
domains, P is a mappingfrom S to probablity distributions for
the domains,C is a setof constraintsover V', and@ is a threshold
probability in the intenal [0, 1]. Constraintsare definedby a set
of variablesand a relation giving the allowed tuples of values.
Variablesaresetin the orderin which they appeatin V. Thus,in an
onestagestochasticCSR V' containsthe decisionvariablesandthen
the stochasticvariables.In a two stagestochasticCSR V' contains
thefirst setof decisionvariablesthe first setof stochastiosariables,
thenthe secondsetof decisionvariables,andfinally the secondset
of stochastiavariables.

A policy is atreewith nodedabelledwith variables startingwith
the first variablein V' labelling the root, and endingwith the last
variablein V' labelling the nodesdirectly above the leaves. Nodes
labelled with decisionvariableshave a single child, whilst nodes
labelledwith stochasticvariableshave one child for every possible
value.Edgesin thetreearelabelledwith valuesassignedo the vari-
ablelabellingthe nodeabove. Leaf nodesarelabelledwith 1 if the
assignmenbf valuesto variablesalongthe pathto the root satisfies
all the constraintsand 0 otherwise.Eachleaf node correspond to
a possibleworld and hasan associategrobability; if s; is the ith
stochasticvariableon a pathto the root, d; is the valuegivento s;
onthis path,(i.e.thelabelof thefollowing edge) andprob(s; = d;)
is the probalility thats; = d;, thenthe probability of this world is
simply [T, prob(s: = d:). We definethe satisfaction of a policy as
the sumof the leaf valuesweightedby their probaliliti es. A policy
satisfiesthe constraintsff its satishctionis at leastd. A stochastic
CSPis satisfiableiff thereis a policy which satisfieshe constraints.
The optimal satisfaction of a stochasticCSPis the maximumsat-
isfaction of all policies. For a stochasticCOR the expectedvalue
of a policy is the sumof the objectve valuatiors of eachleaf node
weightedby their probalilities. A policy is optimal if it satisfieshe
constraintsand maximizes(or, if desired,minimizes)the expected
value.

Consideagaintheprodudion planningproblemandatwo-quarter
policy thatsetsz; = 104 andif y1 > 100 thenzy = y1 + 1
elsey; = 100 andz, = 100. We canrepresenthis policy by the
following (partial)tree:
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By definition, eachof the leaf nodesin this treeis equally proba-
ble. Thereare6? leaf nodes of which only 7 arelabelled0. Hence,
this policy’s satishctionis (36 — 7)/36, andthe policy satisfieshe
constraintsasthis justexceed § = 0.8.

5 Complexity

Constraintsatishctionis NP-completan general.Not surprisingly
stochasticonstraintsatishctionmovesus up the compleity hierar
chy. It may thereforebe usefulfor modelling problemslik e reason-
ing underuncertaintywhich lie in thesehighercompleity classes.
We shawv how a numbe of satisfiability problemsin thesehigher
complity classesreduceto stochasticconstraintsatisfction. In
eachcase,the reductionis very immediate.Note that eachreduc-
tion canbe restrictedto stochasticCSPson binary constraintausing
a hiddenvariableencodingto map non-binaryconstraintso binary
constraintsThe hiddenvariablesare addedto the last stageof the
stochasticCSP

PR or probabilisticpolynomial time is characterizedy the PP-
completeproblem,M AJsAT which decidedf atleasthalf theassign-
mentsto asetof Booleanvariablessatisfyaclausafformula.Thiscan
be reducedto a one stagestochastiacCSPin which thereareno de-
cisionvariablesthe stochastiozariablesareBoolean the constraints
arethe clausesthe two truth valuesfor the stochastiovariablesare
equally likely andthe thresholdprobablity 6 = 0.5. A numberof
other reasoniig problemslike plan evaluationin probabilistic do-
mainsarePP-complete.

NPFF is the class of problemsthat can be solved by non-
deterministicguesing a solutionin polynomialtime (NP) andthen
verifying this in probalilistic polynomial time (PP) Givena clausal
formula, E-MAJSAT is the problemof decidingif thereexistsanas-
signmentfor a setof Booleanvariablesso that, given randomzed
choicesof valuesfor the other variables,the formula is satisfiable
with probalility at leastequalto somethresholdd [LGM98]. This
can be reducedvery immediatelyto an one stagestochasticCSP
A numbe of other reasoningproblemslike finding optimal size-
bounced plansin uncertaindomainsareNFFF -complete.

PspPacE is the classof problemsthatcanbe solvedin polynomial
spaceNotethatNP C PPC NPFF C PspacE. SsAT, or stochastic
satisfiabilityis anexampleof a PSPACE-compete problem.In SsAT,
we have aclausaformulawith m alternatingdecisionandstochastic
variables,and mustdecideif the formulais satisfiablewith proba-
bility at leastequalto somethresholdd. This can be immediately
reducedto a m stagestochasticCSP A numberof otherreasoning
problemdik e propositiona STRIPSplanningare PSPACE-complete.



6 Completealgorithms

We presenta backtracling algorithm for solving stochasticCSPs,
whichis thenextendedto a forward checkng procedue.

6.1 Backtracking

We assumehatvariablesareinstantiatedn order However, if deci-
sion variablesoccurtogetherthey canbe instantiatedn ary order
A branchingheuristiclike fail first may thereforebe usedto order
decisionvariableswhich occurtogetherOn meetinga decisionvari-
able,the backtrackimy (BT) algorithmtrieseachvaluein its domain
in turn. The maximumvalue is returnedto the previous recursve
call. On meetinga stochastiosariable ,we try eachvaluein turn,and
returnsthe sum of the all answergo the subproblemsaveightedby
the probalilities of their occurrere. At ary time, if instantiatinga
decisionor stochasticvariable breaksa constraint,we return 0. If
we manag to instantiateall the variableswithout breakirg ary con-
straint,wereturnl.

procedure BT(4,0,,01)
if ¢ > n thenreturnl
9 = 0

for eachd € D(z;)
if x; € Sthen
p = prob(:cl — dj)

If conszstent(.z, — dj;)then
0 :=0+px BT(i + 1,272 n=%)
if @ > 0y thenretun @

if 8 + q < 60, thenreturnd
else

if conszstent(:ﬂz — dj)th
0 := max(0,BT(i + 1 max(ﬂ 01),0n))
if @ > 05 thenretun @
returné

Figurel. Thebadtracking (BT) algorithmis called with the seart dept,
7 andwith bounds g, and#;. If the optimalsatisction lies betweenthese
boundsBT retunsthe exad satishction. If the optimal satisction is §, or
more,BT returnsavaluegreder thanor equa to 6 . If the optima
satiskctionis 6; or less,BT returrs avaluelessthanor equd to §;. S is the
setof stochasticvariables.

Upperandlower bourds, 8, and§; areusedto prunesearchBy
settingd; = 6, = 6, we candetermingf the optimal satishctionis
atleastd. Alternatively, by settingd; = 0 andé, = 1, we cande-
terminethe optimal satisaction. The calculationof upperandlower
bounds in recursve calls requiressomeexplanation Supposethat
the currentassignmento a stochastiosariablereturnsa satisiction
of 8o. We cansafelyignoreothervaluesfor this stochasticvariableif
6 +p x 6o > 6. Thatis, if 9y > 2=¢ This givestheupperbound
in therecursve call to BT on a stochasticvariable.Alternatively, we
cannothopeto satisfytheconstraintadequéely if 8+px6o+q < 6;
asgq is the maximumthatthe remainingvaluescancontribute to the
satisfiction. Thatis, if 8o < W. This givesthe lower bourd in
therecursve call to BT onastochasticvariable.Finally, suppsethat
thecurrentassignmento a decisionvariablereturnsa satistctionof
6. If thisis morethat§;, thenary othervaluesmustexceedd to be
partof a betterpolicy. Hence we canreplacethelower boundin the
recursve call to BT on a decisionvariableby max(6, 6;). Because
of thesebourds, valueorderingheuristicscanreducesearchFor de-
cision variables,we should chocse valuesthat are likely to return
the optimal satisiction. For stochastiovariables we shouldchoose
valuesthataremorelikely.

6.2 Forward checking

TheForwardChecking(FC) procedueis basedntheBT algorithm.
On instantiatinga decisionor stochastiovariable,the FC algorithm
checksforward and prunesvaluesfrom the domainsof future deci-
sionandstochastiozariableswhich breakconstraintsCheckingfor-
wardsfailsif astochastior decisionvariablehasa domainwipeout
(dwo), or if a stochasticvariablehasso mary valuesremoved that
we cannd hopeto satisfythe constraintsAs in the regular forward
checkingalgorithm,we canusean 2-dimensimal array prune(s, j)
to recordthe depthat which the value d; for the variablez; is re-
moved by forward checking. This is usedto restorevalueson back-
tracking.In addition,eachstochastivariable z; hasanupperbound,
¢; onthe probability thatthe valuesleft in its domaincancontritute
to a solution.Whenforward checkingremosessomevalue,d; from
x;, we reduceg; by prob(z; — dj), the probalility thatz; takes
thevalued;. This reductionon g; is undoneon backtrackng. If for-
ward checkng ever reducesy; to lessthan@;, we backtrackasit is
impossibleto setz; andsatisfythe constraintsadequéely.

procedure FC(,0;,65,)
|f z > nthenreturnl
=0

for eachd] € D(z;)
if prune(s, j) = 0then
if che:k(z, — dj el)then
if z; € Sthen
p = probe; — dj)
q; = q; —p P 0 o
0:=60+px FCG + 1, l—‘“, -2)
restorés)
if 0 4+ q; < 6, thenretun 6
if & > 05 thenreturnf

else
6 := max(0,FC¢ + 1,max(0,6,),01))
restorei)

if 8 > 03 thenreturnd
elserestoref)
returnd

procejurechenk(z, — dj;,01)
fork=i+1ton
dwo :=true
ford, € D(zy)
if prune(k, ) = 0 then
if |nconS|stet(m, — dj,z, — di) then
prune(k,l) :=1
if zp € S'then
@ 1= Q= prob@s — d;)
if g < 6; thenreturnfalse
elsedwo := false
if dwo then returnfalse
returntrue

procsﬂurerestor@)
forj=i+4+1
for dy, € D(z])
if prune(j, k) = z then
prune(j, k) =
if z; € Sthen q] := ¢+ prob@; — di)

Figure2. Theforwardcheding (FC)algorithmis called with the search
depth,z andbounds g, andé;. If the maximumsatistction of all policies
lies betwea thesebounds FC returnsthe exad maximumsatistction. If the
maximumsatistction of all policiesis 6, or more,FC returnsavalue
grederthanor equd to 6y, If theminimum satistction of all policiesis §;
or less,FCreturrs avaluelessthanor equd to §. S is the setof stoctastic
variables.Thearrayg; is anupperboundon the probability thatthe
stochatic variable z; satsfiesthe constrants andis initi ally setto 1, whilst
prune(t, d) is thedepthatwhich the value d is prunedfrom z; andis
initi ally setto 0 which indicatesthatthevalueis notyet pruned.

7 Experimental evaluation

WeimplementedheBT andFC algorithmsin CommonLisp andran
themon the productionplanningproblemgivenin Section3, aswell



ason a rangeof randomlygenerategroblems.For the production
plannngproblem,we usea simple heuristicwhich ordersvaluesfor

thedecisionvariablesby their size.This will tendto keepstocklev-

elslow. It will alsoensurethatthe worldsin which we fail to satisfy
thedemancconstraintsarethosewheredemanl is muchhigherthan
average.Resultsare givenin Table 1 with the thresholdfor satisfi-
ability 6 setto 0.8. Similar resultsare obtainedfor othernon-zero
. Surprisingly performancevasrelatively insensitve to the precise
valueof 8 used.

Numberof BT FC
quarers nodes CPU/sec nodes CPU/sec
1 28 0.01 10 0.01
2 650 0.09 148 0.03
3 17,190 2.72 3,604 0.76
4 510,346 83.81 95,570 19.07
5 || 15,994,856 3,245.99| 2,616,858  509.95

Table1l. Backtracking (BT) andforward checking (FC) algorthmsonthe

producton planring problem from Sectbn 3. CPUtimesarefor aCommon

Lisp implemenation running underLinux on anancient133MHz Pentum,
whilst “nodes”arethe numberof nodesvisitedin theandbr searchtree.

Theperformarceadwentageof the FC algorithmoverthe BT algo-
rithm increasessthestochasticCSPincrease size.Onthelargest
problemin Table1, the FC algorithmvisits approxmately 1/6ththe
searchnodesin roughly 1/6ththe CPUtime. Thisis in line with our
resultsonrandomproblemswherethe FC algorithmis oftenanorder
of magnitudefasterthanthe BT algorithm.Evenlargergainscanbe
expectedon problemsin which constraintsapply to variableswhich
aresetfar apartin thesearchree.On suchproblemsforwardcheck-
ing will prunedomairs far down the searchtree, therebyavoiding
deepbacktracks.

Our resultsshav thatthe FC algorithmclearly dominateshe BT
algorithm. Consisteng testingand domain pruning ensuregthat it
only visits a small fraction of the possibleworlds. Furtherperfor
mancegainscouldbeobtainedoy morepowerful constrainpropag-
tion, moreintelligent backtracking and more sophisticatedranch-
ing heuristics Theseareall areador futurework.

8 Approximation procedures

There are a numkber of methodsfor approximatingthe answerto
a stochasticconstraintprogram.For example,we can replacethe
stochastiovariablesin a stochastidCSPby their mostprobableval-
ues(or in ordereddomainslike integersby their medianor integer
meanvalues),andthensolve (or approimatethe answerto) there-
sulting traditional constraintsatisaction problem.Similarly, we can
estimatethe optimal solutionfor a stochastidCOP by replacingthe
stochasticvariablesby their most probablevaluesand then finding
(or appraximating the answerto) the resultingtraditional constraint
optimizationproblem.We canalsouseMonte Carlosamplingto test
a subsebf the possibleworlds. For example,we canrandomlygen-
eratevaluesfor the stochastiovariablesaccordingto their probalkil-
ity distribution. If thefractionof theresultingconstraintsatisfiction
problemsthataresatisfiables atleastequalto the thresholdd, then
the original stochastiaconstraintsatishction problemis likely to be
satisfiablelt would alsobeinterestingo develop local searchproce-
dureslike GSAT andWalkSAT [SLM92, SKC94]which explorethe
“policy space’of stochasticonstrainfprograms.

9 Extensions

We have assumedhat stochasticvariablesare indepenént. There
areproblemswhich may requireus to relax this restriction.For ex-
ample,a stochasticzariablerepreseting electricitydemandmayde-
pendon astochastic/ariablerepresentingemperaturelt maythere-
fore be usefulto combinestochastigprogrammingwith techniqes
like Bayesnetworkswhich allow for conditionaldepeniencieso be
efficiently and effectively representedAn alternatve solutionis to
replacethedepenentstochasticvariablesby asinglestochastioari-
ablewhosedomainis the productspaceof the depemientvariables.
This is only feasiblewhen thereare a small numberof depenént
variableswith smalldomairs.

We have alsoassumedhatthe probalbility distribution of stochas-
tic variablesis fixed, and doesnot depenl on earlier decisionvari-
ables.Again, thereare problemswhich may requireusto relax this
restriction.For example thedecisionvariablerepreseting pricemay
influencea stochastiovariablerepresentinglemandA solutionmay
againbe to combinestochasticprogramming with techniques like
Bayesnetworks. We have alsoassumedhatthe probability distribu-
tion is known in advance. It would beinterestingto explore methods
for estimatingt basedon obsenation

Finally, we have assumedthat all variable domairs are finite.
Thereareproblemswvhichmayrequireusto relaxthisrestriction.For
example,in schedling power stationswe mayuse0/1 decisionvari-
ablesto modelwhethera power stationrunsor not, but have continu-
ous(obsened) variablesto modelfuture electricitydemandsA con-
tinuousprobability densityfunction could be associatedvith these
variables.Similarly, a continuows decisionvariablecould be useful
to modelthe power output. Intenal reasoningtechniquescould be
extendedto dealwith suchvariables.

10 Relatedwork in decisionmaking under
uncertainty

Stochasticconstraintprogramsare closely relatedto Markov deci-
sion problems(MDPs). An MDP modé consistsof a setof states,
a setof actions,a statetransitionfunction which givesthe probalhl-
ity of moving betweenwo statesasa resultof a givenaction,anda
reward function. A solutionto an MDP is a policy, which specifies
thebestactionto take in eachpossiblestate MDPsThesehave been
very influential in Al of late for dealingwith situationsinvolving
reasoningunderuncertainty{Put94]. Stochasticonstraintprograms
canmodel problemswhich lack the Markov propertythat the next
stateandreward deperl only on the previous stateandactiontaken.
To represena stochasticonstrainiprogram in which the currentde-
cisiondepend on all earlierdecisionswould requirean MDP with
an exponentialnumbe of states.Stochasticconstraintoptimization
canalsobe usedto modelmore comple reward functionsthanthe
(discountedsumof individual rewards.
Stochasticconstraintprogramsare also closely relatedto influ-
encediagramsInfluencediagramsare Bayesiannetworks in which
the chancenodesare augmentedwith decisionand utility nodes
[0S90]. Theusualaim is to maximizethe sumof the expectedutili-
ties.Chancenodes in aninfluencediagramcorrespod to stochastic
variablesin a stochasticconstraintprogram,whilst decisionnodes
correspondto decisionvariables.The utility nodes correspondto
the costfunctionin a stochasticconstraintoptimizationproblem. It
would thereforebe relatively straightforvardto mapstochasticon-
straintprogramsinto influencediagramsHowever, reasoningabout
stochasticconstraintprogramsis likely to be easierthan aboutin-



fluencediagrams First, the probabilisticaspectof a stochasticcon-
straintprogramis simpleanddecompesableasthereareonly unary
maimginal probabiliti es. Second the depen@nciesbetweendecision
variablesandstochasticvariablesarerepresentetdy declaratve con-
straints.We can thereforeborron from traditional constraintsatis-
factionandoptimizationpowerful algorithmictechniquedik e branch
andbourd, constrainpropagatiorandnogood recording As aresult,
if a problemcanbe modelledwithin the morerestrictedformatof a
stochasticconstraintprogram,we hopeto be ableto reasorabou it

moreefficiently.

11 Relatedwork in constraints

Stochasticonstraintprogramning is inspiredby both stochastidn-

teger programning and stochasticsatisfiability [LMPOQ]. It shares
the advantagesthat constraintprogramning has over integer pro-

gramming(e.g. non-linearconstraintsand constraintpropagtion).

It alsoshareghe adwantagesthat constraintprogramming hasover

satisfiability (e.g. global and arithmeticconstraintsand more com-

pactmodels).

Mixed constraintsatishction [FLS9§ is closely relatedto one
stagestochasticonstraintsatishction.In a mixed CSR the decision
variablesare setafter the stochastiovariablesaregiven randam val-
ues.In addition,therandomvaluesarechoseruniformly. In thecase
of full obserability, theaimis to find conditionalvaluesfor thedeci-
sionvariablesin a mixed CSPsothatwe satisfyall possibleworlds.
In the caseof no obsenability, the aim s to find valuesfor the de-
cisionvariablesin a mixed CSPsothatwe satisfyasmary possible
worlds. An earlierconstraintsatishictionmodelfor decisionmaking
underuncertainty[FLMCS95] alsoincludeda probaility distribu-
tion over the spaceof possibleworlds.

Constraintsatisaiction has beenextendedto include probabilis-
tic preference®n the valuesassignedo variablegSLK99]. Associ-
atedwith thevaluesfor eachvariableis a probability distribution. A
“best” solutionto the constraintsatisaction problemis thenfound.
This may be the maximumprobability solution (which satisfieshe
constraintsand is mostprobale), or the maximumexpectedover
lap solution (which is mostlike the true solution). The latter can
be viewed asthe solution which hasthe maximumexpectedover
lap with one generatedit randomusingthe probability distribution.
The maximumexpeded overlapsolutioncould be found by solving
a suitableonestagestochasticonstraintoptimizationproblem.

Branching constraint satishction [FBOO] models problemsin
which thereis uncertaintyin the numberof variables.For example,
we canmodelanurserosteringproblemby assigningshiftsto nurses.
Branchingconstraintsatishctionthenallows usto dealwith the un-
certaintyin which nursesare available for duty. We canrepresenh
suchproblemswith a stochasticCSPwith a stochastid)/1 variable
for eachnurserepresentingheir availability.

A numbe of extensionsof the traditional constraintsatisfction
problem model constraintsthat are uncertain,probalblistic or not
necessarilysatisfied.For example,in partial constraintsatisfiction
we maximizethe numberof constraintsatisfied[FW92]. As a sec-
ond example,in probalilistic constraintsatishiction eachconstraint
hasa certainprobability independentof all otherprobabilitiesof be-
ing partof theproblem[FL93]. As athird example,bothvaluedand
semi-ringbasedconstraintsatishction[BFM ™ 96] generalizeprob-
abilistic constraintsatisfctionaswell asa numberof otherframe-
works. In semi-ringbasedconstraintsatisiction,a value is associ-
atedwith eachtuple in a constraintwhilst in valuedconstraintsat-
isfaction,a valueis associatedvith eachconstraintHowever, none

of theseextensionsdeal with variablesthat may have uncertainor
probabilisticvalues.Indeed stochasticconstraintprogranming can
easilybe combinedwith mostof thesetechniqgwes. For example,we
candefinestochastigartialconstraintsatisictionin which we max-
imize the numberof satisfiedconstraints,or stochasticprobablis-
tic constraintsatisfctionin which eachconstrainthasan associated
probability of beingin the problem.

12 Conclusions

We have proposedstochasticconstraintprogramming an exten-

sion of constraintprogrammirg to dealwith both decisionvariables
(whichwe canset)andstochastivariablegwhichfollow someprob-

ability distribution). This framework is desigred to take advantage
of the bestfeaturesof traditional constraintsatisfction, stochastic
integer programming and stochasticsatisfiability It canbe usedto

modelawide variety of decisionproblemsinvolving uncertaintyand
probability We have givena semanticgor stochasticonstraintpro-

gramsbasedupon policies. Thesedeterminehow decisionvariables
are setdependig on earlier decisionand stochasticvariables.We

have propesseda numberof completealgorithmsandapproxmation

proceduredor stochastiaconstraintprogramning. Finally, we have

discusseda numkber of extensionsof stochasticconstraintprogram-
ming to relaxassumptionsik e theindepen@ncebetweerstochastic
variables,andcomparedit with otherapproacksfor decisionmak-

ing unde uncertaintylike Markov decisionproblemsandinfluence
diagrams.

REFERENCES

[BFM*96]  S.Bistarelli, H. Fargier, U. Montarari, F. Rossi,T. Schie, and
G. Verfaillie. Semi-ring basedCSPsand valued CSPs:Basic

propertes andcomparson. OverConstrained Systemspages
111-150.SpringerVerlag,1996.LNCS 1106.

D. Fowler and K. Brown. Branding constaint satisbction
problems for solutons robust underlikely changes. In Proc.

of 6th Int. Conf on Principlesand Practices of Constaint Pro-

gramming Springe-Verlag,2000.

H. Famgier andJ. Lang. Uncertanty in constrant satishction
problems: a probabilstic appro& h. In Proc. of ECSQAR.

Springe-Verlag,1993.LNCS 747.

H. Famier, J.Lang,R. Martin-Clouaire,andT. Schie. A con-
strairt satisfaction framework for decisbn unde uncerginty.

In Proc.of the 11thInt. Conf on Uncetainty in Al, 1995.

H. Famgier, J. Lang,andT. Schiex. Mixed constrant satisfac-
tion: a framework for decisbn problemsunderin complée in-

formation. In Proc. of the 13thNat. Conf on Al. 1996.

E. FreuderandR. Wallace Partial constrant satisfaction. Ar-

tificial Intelligence 58:21-70,1992.

Michael L. Littman, Judy Goldsmith,and Martin Mundhenk.
The computaional compleity of probabilistic plan existence
andevaluaion. J. of Al Reseath, 9:1-36,1998.

M.L. Littman, S.M. Majerdk, and T. Pitassi Stochatic

Booleansatisfialility . J. of AutomatedReasoning2000.

R.M. Oliver andJ.Q.Smith. Influene Diagrams,Belief Nets
andDecision Analysis JohnWiley andSons,1990.

M.L. Puterma. Markov decisbn processesdiscrete stochastic
dynamicprogramming JohnWiley andSons,1994.

B. SelmanH. Kautz, andB. Cohen. Noise Stragegiesfor Im-

proving Local Seard. In Proc. of the 12th Nat. Conf on Al,

pages337-3431994.

N. Shazer, M. Littman, andG. Keim. Constrant satisaction

with probabilistic prefeenceson variable values. In Proc. of
the16thNat. Conf on Al. 1999.

B. Selman H. LevesqueandD. Mitchell. A New Method for

Solving Hard Satisfidility Problems.In Proc. of the 10th Nat.

Conf onAl, pages 440-4461992.

[FBOO]

[FLO3]

[FLMCS95]

[FLS96]

[FWo2]

[LGM98]

[LMPOO]
[0S90]
[Put94]

[SKC94]

[SLK99]

[SLM92]



