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Abstract. We presentthe first completealgorithm for the SMTI

problem,the stablemarriageproblemwith tiesandincompletelists.

We do this in the form of a constrainfprogrammingencodingof the
problem.With this we areableto carry out the first empiricalstudy
of the completesolutionof SMTI instanceslin the stablemarriage
problem(SM) [5] we have n menandn women.Eachmanranksthe
n women, giving himself a preferencdist. Similarly eachwoman
ranksthe men,giving herselfa preferencdist. The problemis then
to marrymenandwomensuchthatthey arestablei.e. suchthatthere
is no incentie for individualsto divorce and elope. This problem
is polynomialtime solvable.However, whenpreferencdists contain
tiesandareincomplete(SMTI) the problemof determiningif there
is a stablematchingof sizen is then NP-completeasis the opti-

misationproblemof finding the largestor smalleststablematching
[6, 10]. In this paperwe presentconstraintprogrammingsolutions
for the SMTI decisionandoptimisationproblems a problemgener

ator for randominstancesof SMTI, and an empirical study of this

problem.

1 Introduction

In the stablemarriageproblem[5] we have n menandn women.
Eachmanranksthe n women,giving himselfa preferencdist. Sim-
ilarly eachwomanranksthe men, giving herselfa preferencdist.
The problemis thento marrymenandwomensuchthatthey aresta-
ble. By stablewe meanthatthereis no incentie for individualsto
divorceandelope.For example,a matchingwould be unstableif it
containedthe marriagesRomeoto Isobeland Johnto Juliet, where
Romeoprefersiulietto Isobel,andJulietprefersRomeoto John,i.e.
RomeoandJulietwould elope.This problemhasa long history, and
an optimal algorithmwas proposediy Galeand Shaplg almost40
yearsago[2]. Thealgorithms compleity is O(n?), andis linearin
the size of the problem,wheresizeis measuredn termsof the n
peopleeachwith a preferencdist of sizen.

If menor womenfind somemembersof the oppositesex unac-
ceptable preferencdists becomeincomplete. Theseproblemsare
classifiedas stablemarriageproblemswith incompletelists (SMI)
andareagainsolvablein polynomialtime. We might alsohave ties
in the preferencdists. Thatis, a man(or a woman)might be indif-
ferentbetweena numberof his (or her) choices.For exampleJohn
might have a preferencesuchthathe prefersisobelto Jane put Jane
ties with Susie.In the extremewhenall potentialpartnerstie with
oneanotherwe areaskingonly for amatchingandstability is notan
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issue.However, whenwe combinetieswith incompletenessye get
the stablemarriageproblemwith ties andincompletelists (SMTI).
We restrictoursehesin this paperto weakstability: underthis defi-
nition a marriageis unstablef thereis a manm; andawomanw;,
eachof whom strictly prefersthe otherto his/hercurrentpartner6],
i.e.m; andw; will elope.

No completealgorithm has previously beenproposedor SMTI
andno empiricalstudyhasbeencarriedout. The question‘ls there
a weakly stablematching?”is uninterestingas therealwaysis [6].
Soin this paperwe presenta constraintprogrammingencodingfor
the SMTI decisionproblem“ls therea stablematchingof sizen?”
andthe optimisationproblem,to find the largestor smalleststable
matching.Thesequestionsare NP-complete[6, 10]. We also pro-
posea problemgeneratorfor randominstancesof SMTI. We then
studythe SMTI investigatingwhatfeaturesof the problemappearo
influencethe hardnessindsizeof stablematchings.

Thepaperis organisedasfollows. In the next sectionwe presenta
problemgeneratorfor SMTI. We then presentconstraintprogram-
ming solutions for the SMTI decision problem and optimisation
problem.Thesearethefirst completealgorithmsfor theseproblems.
Wethendiscusgheconstrainednessf SMTI. Theempiricalstudyis
thenpresentedndthe paperconcludes.

2 Random Instance Generation

A classof randomlygeneratednstanceof SMTI is representedby
a triple (n, p1, p2) wheren is the numberof menand womenin
the problem,p; is the probability of incompletenesand p: is the
probability of ties. Problemsaregeneratedsfollows

1. A randompreferencdist of sizen is producedor eachmanand
eachwoman.

2. We iterateover eachmans preferencdist asfollows. For a man
m; andfor all womenw; in his preferencdist, we generatea
randomnumber0 < p < 1. If p < p1 we deletew; from m;’s
preferencdist anddeletem; from w;’s preferencdist.

3. If ary manor womanhasan empty preferencdist, discardthe
problemandgoto stepl.

4. We iterateover eachpersons (menandwomens) preferencdist
asfollows. For amanm,; andfor his choicese; rangingfrom his
secondo his last, we generatea randomnumber) < p < 1. If
p < pa thenthe preferenceor his ct* choiceis the sameashis
ct* | choice,otherwisehis ct* choiceis onegreaterthanhis ct* ;
choice.

An instancegeneratedas (n, 0.0, 0.0) will be a stablemarriage
problemwith astablematchingof sizen. An instanceg(n, 0.0, 1.0) is
astablematchingproblemwith completeindifference andthereare
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Figurel. A randomlygenerate@MTI instancewith 6 menand6 women,
generatedvith parameterg6, 0.5, 0.25). Theinstancehasa largeststable
matchingof size6 namely(4,2,1,3,5,6)anda smallesistablematchingof

size5, namely(4,2,-,3,1,6)

n! matchingsAn instance(n, 1.0, p2) is aproblemwith emptypref-
erencdists, andis obviously unsohable.Figurel shavs arandomly
generate®MTI (6, 0.5, 0.25). Preferencethattie arein bracesThe
largeststablematchingis of size6 andthesmallests of size5.

3 A Constraint Programming Representation
Two representationare presentedthe first being for the decision
problemis there a stablematding of sizen?, andthe secondor the
optimisationproblemWhatis the sizeof the largest(smallest)stable
matding?.

Theencodings asimpleextensionof the SMI encodingpresented
in Section2 of [3] and uses2n variables,wherethe domainof a
variablecorrespondso a preferencdist. For the i** man (woman)
we have the variablem; (w;). If thereis avaluej € domain(m;)
thenwomanwy; is in the man’s preferencdist. The manhasa pref-
erencepre f(ms, j) for womanw;, wherel < pref(mi,j) < n.
A stablemarriageconstraintexists betweemmanm; andwomanw,
whenj € domain(m;) andi € domain(w;). The stablemar
riage constraintis representeaxtensionallyasa set .S of infeasi-
ble pairs (nogoods).A nogood(a,b) is in S if it correspondgo
a blocking pair or a relationshipwhich is not a marriage.That is,
(a,b) is ablocking pair if m; prefersw; to w, andw; prefersm;
to mg i.e.a € domain(m;) Ab € domain(w;) A pref(m;,a) <
pref(ms, j) A pref(w;,b) < pref(wj,i). (Notethatthestrictin-
equalitiescorrespondo the definition of weak stability.) The pair
(a,b) € S is notamarriagef m; marrieswomanw; but womanw;
marriessomeoneslse,or womarnw; marriesmanm; but m; marries
someoneelse,i.e. a € domain(m;) Ab € domain(w;) A (a =
JAb#iI V a#jAb=1).
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Figure2. Theconflictmatrix for constraintCs ¢ from the problemin
Figurel

Figure2 shavstheconflictmatrix correspondingo thestablemar
riageconstraintactingbetweemrmanmse andwomanws in the prob-
lem of Figurel. The domainvaluesof thevariableshave beenlisted
in preferencerder exposingthe structurefirst identifiedin [3].

When preferencdists areincompleteit might not be possibleto
find a matchingof sizen. Therefore jt might be worthwhile adding
two redundantliDif f constraint§11] to detectwhentherearein-
sufiicientvaluesto allow all menandall womento bemarried.In the
empirical studywe will investigatethe behaiour of this redundant
constraint.

Whenno completestablematchingcanbefoundwe mightthenbe
interestedn findingthelargestor thesmallesstablematchingj.e we
have anoptimisationproblem.The abore encodingis thenmodified
asfollows. We adda virtual persom: + 1 to every manandwomans
domainwith a preferencevalueof n + 1, i.e. pref(m;,n + 1) =
n+ 1. Consequentlya persorprefersto bemarriedthanto besingle.
In additionwe associatea zero/onevariableto eachmanandeach
women.The zero/onevariabletakes a value of oneif the personis
married,otherwiseit is zero.Thatismm; = 0 <& m; = n+1
andwm; = 0 ¢ w; = n + 1, wheremm; andwm; arein {0, 1},
andmm; = 1 (wm; = 1) canbereadasmanm; (womanw;) is
married and«s is thebiconditional.To find alargeststablematching
we maximisethe sumof the mm variables andto find the smallest
stablematchingwe minimisethesum.

Therearen variableseachwith domainsizen. Thereis a binary
constraintfrom eachmanto all women,i.e. n? binary constraints,
andeachof theseconstraintscontainsO(n?) nogoodpairs. There-
fore the sizeof the encodingds O(n*). The compleity of arccon-
sisteng is O(e.d"™) wheree is thenumberof constraintsd is thedo-
mainsize,andr is the arity of the constraintd8, 12]. Consequently
the costof enforcingarc consisteng in our encodingis O(n*). The
O(n?) encodingoroposedn [3] hasnotyetbeenextendecdo handle
ties.

For the above encodingsthe searchprocessusesa variableand
valueorderingheuristic.Only personvariablesare selectedi.e. the
zero/onevariablesarenot selectedor instantiation) preferencebe-
ing givento thevariablewith theleastremainingvaluesin its domain
i.e.theminimumremainingvaluesvariableorderingheuristic Values
arethenselectedn preferenceorder suchthata personattemptso
marryhis or hermostpreferredobartner This valueorderingheuristic
guaranteea failurefreeenumeratiorof solutionsin SM [3].

Whenpresenteavith aninstanceof SMI, i.e. problemsgenerated
as(n, p1, 0.0), the above encodingfor the decisionproblemreverts
to polynomialperformanceandwith thevalueorderingheuristicwe
areguaranteedailure free enumeratiorof all stablematchingsThis
is becaus¢heencodingeducego the SMI encodingof [3] for which
searchs polynomial.

4 TheConstrainedness of SMTI

In [4] a measureof constrainedneswas proposedThe measureof
constrainednesgkappa)is definedasx = 1 — 9245¢) where
(Sol) is the expectednumberof solutions,and|S]| is the sizeof the
statespacex is definedfor an ensembleof problems Whenevery
stateis asolution(Sol) = |S| andx = 0, andproblemsareeasyand
soluble. Whenno stateis asolutionlog({Sol}) = —oco andk = oo,
andproblemsareagaineasybut unsohable.Whenon averageeach
problemhasonesolutionlog({Sol)) = 0 andx = 1, problemswill
be on theknife edgeof constrainednessyherewe expect50%to be
solubleandmostto behard.

For a constraint satishiction problem x is defined to be
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of variablesp. is thetightnessof a constraintandm,, is the sizeof
thedomainof thevariablev. GivenaconstraintC' involving a setof

, WhereC is the setof constraints)V is the set



variablesthetightnessof thatconstraintp, canbe calculatedasthe
numberof infeasibletuplesdivided by thenumberof possibletuples
for thosevariables.

By representingMTI asa constrainsatisfctionproblemwe can
measures for eachinstancegeneratedThiswill give ussomeindica-
tion of whatensemblesuchaninstancemostlikely belongsto. How-
ever, we canmake someconjecturessto how thedifficulty of SMTI
will vary aswe vary the problemgeneratiomparametergn, p1, p2).
Whenwe increasep, we shouldexpect eachstablemarriagecon-
straintto becomdooser i.e. thenumberof infeasibletupleswill fall.
Thereforex shouldbeinverselyrelatedto p.. Whenwe increasep;
this will increasethe amountof incompletenes@ preferencdists.
Consequentlylomainsizeswill fall, andwe shouldexpectk to rise.
However, asdomainsizesfall sotoo doesthe numberof stablemar
riage constraints.Therefore,it is not immediatelyclearif this fall
in the numberof constraintswill win out againstthe falling domain
sizes.Will « fall or risewith p1? And whatwill happenaswe vary
p1 andp. togetherVill thesebeopposingorces,wherep; tendsto
drive problemstowardsinsolubility, whereagp- tendsto make prob-
lemslooserAVe will investigatehesequestionsn the next section.

5 TheEmpirical Study

We performedour experimentsusingthe chococonstraintorogram-
ming toolkit [7]. The studyis mostly of problemsof size 10. Prob-
lemsweregeneratedvith incompletenesg; varyingfrom 0.1t00.8
in stepsof 0.1. Whenp; > 0.9 problemshave empty preference
lists, andarerejectedfrom this study For eachvalue of p; we vary
tiesp, from 0.0to 1.0in stepsof 0.01,with a samplesize of either
1000r 50 ateachdatapoint. Experimentsvererunonmachineswith
either733MHzor 1GHz processorswith betweer256MB and1GB
of RAM. The experimentseportedheretook in excessof 2 months
CPU time. We also codedan independentmplementationwritten
by a differentauthorin Eclipse,andobtainedconsistentesultswith
thosepresentedhere.In our experimentswe first investigatenow pa-
rametergp; andp: influencethe decisionproblem®ls therea sta-
ble matchingof sizen?”. We thenexplore the optimisationproblem
“What is the sizeof thelargestandthe smalleststablematchings?”.

5.1 TheDecision Problem

In the decisionproblemwe determineif thereis a stablematching
of sizen. Thisis afeatureof the problem,andis algorithmindepen-
dent.Figure 3 shaws for eachvalue of p; the proportionof soluble
instancesswe vary theamountof tiesp,. We seethatastheamount
of ties p, increaseghe proportion of solubleinstancesncreases.
This suggestghat aswe increaseties the constraintsbetweenmen
andwomenbecomedooser consequentlyve shouldexpectto seea
fall in the constrainednessf problems.We alsoobsere thatasp,
increasesi.e. preferencdists get shorter solubility decreasesThis
might at first appearunsurprising.However, as preferencdists get
shortethenumberof stability constraintgall. Thisfall is notenough
to preventafall in solubility dueto falling domainsize.

In Figure4 we plot solubility againsthe averageconstrainedness
of the probleminstancesi.e. k is on the x-axis. We seethe familiar
phaseransitionbehaiour asobseredin [1, 4].

TheallDiff constraintmakesno difference The numberof search
nodeswasthe samewith andwithout this redundantonstraintand
therewasno significantdifferencein run times.Figure5 shavs the
averagecostof answeringthe decisionproblem,measuredn terms
of searchnodesor (10, p1, p2) plottedagainstp.. Searchcostsin-
crease@swe increasdiesp,. Thisis becauseonstraintgyetlooser
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Figure3. Thedecisionproblem:is therea stablematchingof sizen?
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Figure6. Theaveragecostof decisionproblem,plottedagainsts



astiesincreasegonsequentlyheproblemis lessdeterminedy prop-
agationThereforeateachinstantiatiorachoicehasto bemade Nev-
erthelesssearcheffort is small,never morethan9 nodesin addition
we seethatsearctcostdecreaseaswe increaséncompletenessg; .

Figure6 re-plotstheabove data thistime againstheaveragevalue
of k, ratherthanp,. Thecontouris somevhatsurprising,with search
effort falling with increasingconstrainednesd.hereis no signof a
complity peaknormally associatedvith the solubility phasetran-
sition.

Ourfinal figurein this section,Figure7, shavs how searcheffort
variesaswe vary problemsize.Thereare6 contoursfor (n, 0.5, p2),
with n equalto 10 to 60 in stepsof 10. The mediansearchcostin
nodess plottedagainsip,. We plot againsip, ratherthanx because
we obseredasystematidiasin thevaluesof  sincethedegreeof a
variableis proportionatto np; . It would beinterestinguturework to
definea specialisedialueof « for SMTI, notbasedn the constraint
encodingto avoid this problem.It appearshatmediansearcheffort
increasepolynomiallywith problemsize.However, we obseredoc-
casionakhardproblems.For example,aninstanceof (60, 0.5, 0.61)
took 15438nodes.
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Figure7. Themediancostof thedecisionproblemfor (n, 0.5, p2),
plottedagainstps.

5.2 Optimisation

We now investigatethe sizeof thelargestandsmalleststablematch-
ings. Stability is an‘interpolatinginvariant’ [9]: thatis, thereis stable
matchingof every intermediatesize betweerthe min andmax. The
maximumsizedmatchingis never more thantwice the size of the
minimum [10].

Throughouthis sectionwe plot againsip. insteadf «, sincecon-
strainednesss definedfor the decisionproblem,not the optimisa-
tion question.Figure 8 shaws the averagesize of the minimumand
maximumstablematchingsfor varyingp, andp; = 0.5. Theseare
initially the samesize,asthey mustbe, for p» = 0, but the differ-
enceincreasesvith p» until for p, = 1 thereis anaveragedifference
in sizeof morethan3. At completeindifferencethis correspond$o
the differencein size of maximalmatchingsWe obsered a similar
patternat differentvaluesof p:. At completeindifferencethelargest
meandifferenceis of 3.5at p; = 0.7, after which the shortening
preferencdists reduceghe sizeof the maximummatching.

We now examine the computationalcost (measuredas search
nodesxplored)of finding theminimumandmaximumstablematch-
ings. Thesewerecomputedn separateuns.Figure9 shaws the cost
of finding thelargestmatchingandverifying its maximality, for vary-
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Figure8. Theaveragesizeof the smallestandlargeststablematchingsfor
<10: 0.5, pZ)

ing p1,p2. Notice that we have useda log scalefor cost. Costin-
creasesisweincreasep; for givenp; . We explain this by notingthat
for high p», thelarge numberof tiesleadsto mary candidatenatch-
ingsto explore. In the region of high p> we seenoisy behaiour in
thesearcltcost.As yet, we have no explanationof why we areseeing
theseoccasionalyjhardproblems.

Figure 10 shaws the cost of finding (and proving optimal) the
smallestmatching.Here, searchcost (againshavn on a log scale)
increasexponentiallywith p», with numbersof nodesin the mil-
lionsfor p1 = 0.1, p2 = 1. Thisis becausef the factorialnumber
of matchingrequiredto be eliminatedas possibleminimal match-
ingswhenverifying minimality. Rememberinghatwhenp, = 1 the
problemis asimplematchingproblemandis in P, it is disappointing
thatthe searchhasthis property Clearly, somenew constraints re-
quiredto eliminatethisthrashingf SMTI instancesvith largep- are
foundin practice.

Figures1l and 12 shav how thesesearchcostsscaleaswe in-
creasen with p; = 0.5. We couldnottesthigh valuesof p, atlarger
n becaus®f thelargeruntimesmentionecabore. We seesimilar be-
haviour to thatwe notedatn = 10, with noisein the searchcostfor
largestsize,andclearexponentialgronth in thecostfor smallessize.
It is lessclear becaus®f thenoise whetherthecostto find the max-
imal matchingis growing polynomially or exponentially Certainly
we do not seestrongevidenceof the mediangrowing exponentially
It maybepolynomial,asour betterevidencefor thedecisionproblem
shaved.
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our results,ratherthan develop specialpurposecodefor our study
of SMTI. Our study hasshavn how the size of stablematchings
andthe decisionandoptimisationcostsvary aswe vary therandom
generationparametersOur randominstancesshav significantdif-
ferencesn sizebetweersmallestandlargest,animportantfeatureof
the SMTI problem.

We have openedmary interestingavenuesfor further research.
First, why did we fail to obsere a compleity peakat the solu-
bility phasetransition?Might this emege whenwe look at bigger
instancesBecondwhy wasthe costof finding the smalleststable
matchingconsiderablyharderthanfinding the largeststablematch-
ing? Might a betterencodingof SMTI resultin a reductionin cost
for the minimisationproblem?Thirdly, determiningf thereis a sta-
ble matchingof sizen is polynomialtime solvablefor SM, SMI, and
SMT, yetit is NP-Completdor SMTI. Consequentlytheremustbe
a phasetransitionfrom P to NP-completnessvhenboth p; andp,
aregreaterthanzero.Whenwill we startto seeproblemsbehae as
if they areNP-Complete®Ve arefacedwith thesamescenaricaswe
move from weakto strongstability. As we mix weakandstrongsta-
bility will we alsoseea transitionfrom polynomalbehaiour? And
canagooddefinitionof constrainednedsefoundfor SMTI? Perhaps
the mostimportantfuture work is practicalapplication for example
to thereal-life hospitalresidentgproblem.To do so,it maybeneces-
saryto useencodingsvhich take lesstime thanO(n*) to establish
consisteng. We areactively examiningonesuchencodingbasecon
0/1 variableswhich will take only O(n?) time: this should speed
up run time per nodewhile not necessarilyreducingthe numberof
searcmodes.
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