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Abstract. Whenapplyinga ReinforcementLearningtechniqueto
problemswith continuousor very large statespaces,somekind of
generalizationis required.In thebibliography, two mainapproaches
canbe found.On onehand,the generalizationproblemcanbe de-
finedasanapproximationproblemof thecontinuousvaluefunction,
typically solved with neuralnetworks.On theotherhand,otherap-
proachesdiscretizeor clusterthestatesof theoriginal statespaceto
achieve a reducedonein orderto learna discretevaluetable.How-
ever, bothmethodshave disadvantages,like theintroductionof non-
determinismin the discretizations,parametershard to tune by the
user, or the useof a high numberof resources.In this paper, we
usesomecharacteristicsof both approachesto achieve statespace
representationsthatallow to approximatethevaluefunctionin deter-
ministic reinforcementlearningproblems.The methodclustersthe
domainsupervisedby thevaluefunctionbeinglearnedto avoid the
non-determinismintroduction.At thesametime, thesizeof thenew
representationstayssmallandit is automaticallycomputed.Experi-
mentsshow improvementsoverotherapproachessuchasuniformor
unsupervisedclustering.

1 INTR ODUCTION

Reinforcementlearningalgorithmshaveproblemswhenit is applied
to large or continuousstatespaces.Given that a value of “utility”
mustbecomputedfor eachstateandactionin thedomain,general-
ization techniqueshave to beusedto avoid an inefficient useof the
experience.Ononehand,somegeneralizationtechniquesrely onthe
useof neuralnetworks [3] to approximatethe value function used
in mostof the reinforcementlearningalgorithms[2]. Several com-
parisonscanbe found in the literature[4, 14]. However, the useof
neuralnetworks introducesseveral problems.For instance,in [4],
convergencepropertiesof severalneuralnetworksarestudied,show-
ing thatconvergenceis notalwaysensured.Furthermore,it is known
thatit is notalwayseasyto definetheright arquitectureof theneural
network to achieve a successfulsolution.

On theotherhand,generalizationtechniquessuchasCMAC [16]
or variableresolutiondiscretization[13] try to mapdifferentareasof
thedomainthatgroupseveralstates(eveninfinite continuousstates)
to a samestatefrom a finite discretizedstatespacerepresentation.
Theway to representthenew discretizedstatesis diverse,andrange
from coarsecoding[9], tiling [1], radial basisfunctions[5], vector
quantizationapproaches[7] to self organizingmaps[10]. However,
thesekindsof representationshave similar problemsto theprevious
�
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approach.For instance,all of them requireto definethe resources
used(numberof regions,centroids,etc.).Furthermore,they cancon-
vert deterministicenvironmentsinto stochasticonesby groupingin
thesameclusterexamplesof differentclasses(bestactionto apply).
Instancebasedapproachessolve someof thepreviousproblems,but
they do not work well when the numberof instancesgrows. Since
they requireanefficient matchingfunction,onesolutionconsistsof
building akd-treethatorganisestheinstances[15]. Thisorganization
is a form of clusteringthe instances,andthereforeit canbeconsid-
eredasanimplicit discretization.

In this work, we have focusedon finding statespacerepresenta-
tions thatallow to keep(or looseaslittle aspossible)thedetermin-
ism of the domains.To do this, we study the useof an algorithm
thatallows to learnboththestatespacerepresentationandthevalue
function at the sametime. The discretizationmethodis basedon a
nearestprototypeapproach,that definesthe regionsof the environ-
mentby prototypesandthenearestneighbourrule.Furthermore,we
wantedthatthenumberof prototypes(i.e. thenumberof regions)be
smallandautomaticallyadaptedto therequirementsof the learning
of thevaluefunction.

Thenext sectionintroducesadeterministicdomainthathasacon-
tinuousstatespace.In that section,how typical discretizationtech-
niquescan introducenon-determinismwill be shown, even when
theoriginal domainwasdeterministic.Then,theproposedapproach
will be described,followed by the presentationof the experiments
performedwith different techniquesandsomecomparative results.
Lastly, themainconclusionsobtainedwill bepresented.

2 DISCRETIZA TION APPROACHES FOR AN
EXPLORATION DOMAIN

The classicalexploration domainor grid world, as shown in Fig-
ure1(a), is a domainwherea robothasto learnto arrive to thegoal
areafrom randominitial positions.For clarifying reasons,we will
usea simplified versionwhereactionsof the robotsare limited to
follow cardinalpoints,i.e. “go East”,“go North”, “go West”and“go
South”.Theareasizeis ����� , andall theactionsproducea motion
of sizeone.If therobottriesto executeanactionthatshouldendout
of thearena,the robot is forcedto stayin theoriginal position,and
we will call it a blockedsituation.

If weuseareinforcementfunctionthatreturnsamaximumreward
of 100whenthe robotarrivesto thegoalareaand0 otherwise,and
we usea discountfactorof �
	���
 � , for eachexecutedaction,the
optimal value function is shown in Figure1(b). At the sametime,
the limits of the valuefunction presentan optimal statespacerep-
resentationthat doesnot introducenon-determinism.The limits of
the differentregionsaredefinedby the discontinuitiesof the value
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Figure 1. Grid-world domain.(a) shows thegoalareaand(b) theoptimal
valuefunctionfor ������� � .

function,soin this case,only 25 discretizedstatesareneeded.
Although this is a deterministicdomain,it is easyto show that

obtaininga statespacerepresentationthatkeepsthis determinismin
the environmentwithout the useof any prior knowledgeis not an
easytask.For instance,since“a priori” we mightnotknow thenum-
beranddispositionof theregions,imaginethatinsteadof introducing
5x5regions,weintroduce6x6regions.Theresultis illustratedin Fig-
ure2. Theenvironmentintroducesa high non-determinismbecause,
even if theexecutionof thesameactionfrom thesamestatealways
achievesthe samefinal state,in someexecutionsthe goal could be
achieved,while not in others.Soimmediaterewardscanbedifferent
in differentexecutions,resultingin anon-deterministicbehaviour.
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Figure 2. Exampleof uniform discretizationwith ����� regionsin the
grid-world domain.

3 LEARNING THE STATE SPACE
REPRESENTATION AND THE Q FUNCTION

Summarizingthe problemspresentedabove, we can say that the
goalsof our desiredstatespacerepresentationareto keepthedeter-
minismof thedomain,thatthenumberof statesdoesnotgrow much,
andthat the userdoesnot have to introduce“a priori” information.
Giventhatwe have a deterministicenvironment,we know therewill
bea finite setof valuesthatthevaluefunctioncanachieve,although
we do not know “a priori” which onesthey are.For instance,in Fig-
ure 1(b), if we knew the optimal discretization,the optimal value
functionwould only take 9 differentvalues.Thesevaluescanbede-
scribedas ������� � , for  !	"��#�
$
%
%#'&)(+* , where ��� is the reward
receivedwhenachieving thegoal (in this case,���,	-*���� ), and & is
thelongestoptimalpathbetweenany initial pointof theenvironment
andthegoal (in this case,&.	+/ ). Therefore,if we considereachof
thosevaluesasadifferentclass,wecanformulatetheproblemof dis-
cretizingthedomainasa supervisedlearningproblemin which the
statedescriptionsaremappedinto attributes( 0 and 1 in this case),
andthe 2 valuesaremappedinto theclasses(9 classesin this case).
As wehavesaidbefore,theseclassesarenotknown “a priori”, soour

goal is that they progressively appearby applyingQ-Learningover
theexperiencetuples.

However, we arenot still done.We needto outputthesetof new
states,such that the non-determinismdoesnot grow when using
thosenew statesfor computingthe 2 function.Therefore,theclas-
sifier algorithmto useshouldnot only provide a successfulclassifi-
cationof the 2 valuesfor a givenstate,but alsothenew statespace
representation.As an example,nearestneighbour/prototypeclassi-
fiers satisfy this condition, in the sensethat they typically achieve
good accuracy, at the sametime that they generatea set of proto-
typesthat canbe usedasa statespacerepresentation.So, both the
statespacerepresentationandthe valuefunction are learnedat the
sametime,becausethey areinherentlyrelated.

All theseideasare introducedin a new discretizationtechnique
calledENNC-QL that is describednext. It usesa nearestneighbour
algorithm,ENNC, to learn the statespacerepresentationsupervis-
ing it with the 2 values,while it usestheQ-Learningupdatefunc-
tion to computethese2 values.Next sectionintroducesthenearest
neighbouralgorithm,calledEvolutionaryNearestNeighbourClassi-
fier (ENNC).

3.1 The ENNC algorithm

1-NearestNeighbourClassifiers(1-NN) area particularcaseof k-
NN classifiersthat assignto eachnew unlabelledexample, 3 , the
labelof thenearestprototype4 from a setof 5 differentprototypes
previously classified[6]. Themaingenericparametersof this sortof
classifiersare:thenumberof prototypesto use,their initial position,
anda smoothingparameter. TheENNC algorithm[8] is a 1-nearest
neighbourclassifierwhosemain characteristicis that it hasa small
numberof userdefinedparameters:it only needsthenumberof iter-
ationsto run.Thismeansthatnoneof theaboveparametershasto be
supplied.

The algorithmstartswith only oneprototypein the initial setof
prototypes.This set is modifiediteratively by the executionof sev-
eral operatorsin eachexecutioncycle. At the endof the evolution,
the classifieris composedof a reducedset of prototypescorrectly
labelled.Themainstepsof thealgorithmaresummarizednext:
6 Initialization.Theinitial numberof prototypesis one.Themethod

is ableto generatenew prototypesstabilizingin the mostappro-
priatenumberin termsof a defined“quality” measure.6 Execute5 cycles.In eachcycle,executethefollowing operators:

Inf ormation Gathering. At thebeginningof eachcycle, theal-
gorithm computesthe informationrequiredto executetheop-
erators.This informationrelatesto theprototypes,theirquality
andtheir relationshipwith existingclasses.

Labelling. It labelseachprototypewith themostpopularclassin
its region.

Reproduction. It introducesnew prototypesin theclassifier. The
insertionof new prototypesis a decisionthat is taken by each
prototype;eachprototypehastheopportunityof introducinga
new prototypein orderto increaseits own quality.

Fight. It provideseachprototypethe capabilityof gettingtrain-
ningpatternsfrom otherregions.

Move. It implies the reallocationof eachprototypein the best
expectedplace.Thisbestplaceis thecentroidof all thetraining
patternsthatit represents.

Die. It eliminatesprototypes.Theprobability to die is inversally
proportionalto thequalityof eachprototype.



3.2 The
7

ENNC-QL Algorithm

Wedefinethelearningproblemin ENNC-QLasfollows.Givenado-
mainwith a continuousstatespace,whereanagentcanexecuteaset
of 8 actions9:	+;�< � #%
�
%
%#=<?>A@ , thegoal is to obtainanapproxima-
tion of theactionvaluefunction, 2CBED�#=<?F . In thiscase,andfollowing
other ideasfrom neuralnetworks approachesas [11], onefunction
approximatoris usedfor eachactionto representthevalueof apply-
ing the action in eachstate.I.e. we needL function approximators
2�G�H%BEDIF , for  J	+*K#%
�
%
%#=8 .

The main idea of this approachis that given 8 function ap-
proximators,8 differentstatespacerepresentations,L G H%BEDIF , will be
computed,becauseeachonemay requiredifferent resources.Each
LMG%H%BEDNF is a function that takesas input a stateof the original rep-
resentation,andoutputsa statein the new representation.The ap-
proximators 2 G H$BEDIF are learnedat the sametime, so at the endof
thealgorithmwe have boththe 8 statespacerepresentationsandthe
approximationof the 2 functionfor eachaction.It doessoby propa-
gatingtherewardsfrom thegoalareasto therestof theenvironment,
and learningthe 2 valuestepby stepwith the Q-Learningupdate
functionfor deterministicdomains(equation1 with O setto 1).

2,BED�#P<QFSRTBU*V(�OSFU2CBED�#U<?FAWXOS;I�YWZ��[,\I]G�^ 2CBED%_'#=<`_aFb@ (1)

A high level descriptionof the algorithm is shown in Figure 3.
Thealgorithmstartswith an initialization step,wherethe 8XL G�H BEDIF
statespacerepresentationsareinitializedto only onestate,andthe 8
2�G�H%BEDIF approximatorsareinitialized, typically to 0.

Initialization

Exploration Phase

End Condition

Learn Q function (Non−Deterministic)

Learn State Space Representation

Learn Q function (Deterministic)

End

False

True

Figure 3. High level descriptionof theENNC-QLalgorithm.

Thesecondstepis anexploratoryphase.Thisphasegeneratesasetc
of experiencetuples,of the type deD�#=< � #fD _ #b�.g , where D is any

state,< � is theactionexecutedfrom thatstate,D _ is thestateachieved
and � is theimmediaterewardreceivedfrom theenvironment.From
this initial setof tuplesandusing LhG�H and 2�G�H ,  i	j*�#%
%
$
�#b8 , the
Q-learningupdaterule for deterministicdomainscanbeusedto ob-
tain 8 training sets,

clk� ,  X	m*�#%
�
%
$#b8 , with entriesof the kind
dnD�#=4$oqp G�H�g where 4$oqp G�H is the resultingvalue of applying the Q
updatefunction to eachtraining tuple. In this first step, 2�G�H,	r� ,
 V	s*�#$
%
%
�#b8 , for all D , so thepossiblevaluesfor 4 oqp G%H dependonly
on thepossiblevaluesof � . If we supposethe � valuesarealways0,
exceptwhena goal stateis achieved, wherea maximumreward of
100 is obtained,the only two valuesfor 4%ofp G�H are0 and100 in the
first iteration.

Thus,we have 8 setsof pairs d�D�#=4 oqp G Htg that canbe usedby
a supervisedlearningtechniqueto learn 8 approximators,one for
eachaction.We will focus now in only one of them. If we usea
nearestneighbourtechniquesuchasENNC asa supervisedlearning
approach,thealgorithmwill returntwo things.Thefirst one,a good
approximationof theaction-valuefunction.Thesecondone,aneffi-
cientstatespacerepresentationfor approximatingthevaluefunction,
giventhatnearestneighbourclassifiersreturnasetof prototypesthat
definesa setof regionsin the statespace.This processis executed
iteratively u times, that is supposedto be big enoughto learn the
wholestatespace.

The resulting statespacerepresentationis deterministicif: the
original domainis deterministic;and the classifierdoesnot intro-
ducenon-determinism(it achievesa 100%of accuracy). However,
given that the classifieralgorithmcanintroduceerrorsandit might
not beableto successfullyclassifythe100%of thedatain eachit-
eration,the resultingstatespacerepresentationwill still have some
non-determinism.We apply, then,a new learningstepto absorbas
muchaspossiblethis non-determinism.We usetheupdatefunction
of Q-Learningfor stochasticdomains,that is shown in equation1,
andwelearnover theresultingstatespacerepresentation.If theclas-
sifier systemachieves a 100%of successin all classifications,this
laststepcouldbeomitted.Thealgorithmis formalizedin Figure4.

ENNC-QL Algorithm

6 Obtainby explorationa set
c

of statetransitions
d
Dv#U< � #fD _ #=��g6 Set wx	y� and D k to any state6 Initialize thestatespacerepresentationfor eachaction < � and
eachstateDfz : L|{G�H BEDbz�FS	};KD k @6 Initialize the initial approximatorsfor each action < � :
2 {G�H BED k Fx	:�6 Repeatu times

– Obtain for eachaction < � the new representationL {'~ �G�H ,
andtheapproximator2�{'~ �G�H BEDNF :
� Generatea training set,

c {� , for the classifier. For each
tuple d
D�#=< � #fD _ #b�ig in

c
:

� Computethenew classvaluefor D and < � :

4 oqp G H�	��YWZ��[,\I]G$�I��� 2 {G � BED _ F (2)

� Introducethepair dyD�#P4%oqp G%HYg in thetrainingset,
c {� .

� Apply theENNC algorithmover thetrainingset
c {� , us-

ing asseedL {G�H . Theresultingstatespacerepresentation
is L {'~ �G�H andtheresultingapproximatoris 2 {'~ �G�H BED � z F , for
all D � zi��L|{'~ �G�H .

– Set wS	�w�W
*
6 Use the non-deterministicQ-Learning updatefunction to

learnthe final 2 G�H BEDIF functions,whenthe classifiersystem
doesnotachieve the100%of classificationaccuracy.

Figure 4. TheENNC-QLalgorithm.

A characteristicof themethodis thateachstatespacerepresenta-
tion L|{'~ �G H is very similar to its previousone, L|{G H . Thus,to learnthe
statespacerepresentationin eachiteration,thestatespacerepresen-
tationlearnedin thepreviousiterationcanbeusedasseed,improving



theperformanceof thelearningtechnique.

4 EXPERIMENTS AND RESULTS

To test the performanceof the method,we have usedthe domain
shown in Figure5, thatconsistsin arobotmoving into anofficearea.
Thisareais representedby walls, freepositionsandgoalareas,all of
themof size *l��* . Thus,thewholedomainis �N���C�`* . Thepossible
actionsthat the robot can executeare “go North”, “go East”, “go
South” and“go West”, all themof size1. The robot is supposedto
know its location in the spaceby the coordinatesB'0�#=1?F provided
by somelocalizationsystem.Furthermore,therobothasanobstacle
avoidancesystemthat blocks the executionof actionsif they will
make the robotcrushinto a wall. Two goalareashave beenlocated
in two differentrooms.

Wall Goal Free

Figure 5. Office Domain.

We have performedseveral experiments,comparinguniform dis-
cretizationandVQ discretizationsof differentsizeswith theonly so-
lution reportedby ENNC-QL. Trainingdatais obtainedfrom 4,000
runs.In eachrun, the robot tries to achieve the goal areafrom ran-
dominitial positions.Eachrun is limited to theexecutionof 10 ac-
tions.For comparisonreasons,wefirst madesomeexperimentswith
uniform discretizationsof theenvironmentandwith statespacerep-
resentationslearnedwith thegeneralizedLloyd algorithm[12]. Ex-
perimentswereperformedover differentstatespacesizes.Figure6
showsauniformdiscretizationof thedomainwith 1024states,while
Figure7 showsadiscretizationcomputedwith theGeneralizedLloyd
Algorith, of thesamesize.Thelastonelocatesprototypesonly in rel-
evantpositionsof thedomain.

Figure6. PrototypesUsingUniform Discretization.

The Q-Learningupdatefunction shown in Equation1 wasused
for learning the policy, using ��	m��
 � and a constantvalue of
O+	���
�* (valuesselectedexperimentally).Resultsaresummarized
in Figure8, for testsof 4000runs.In eachtest,the robot is located
in arandomposition,andit triesto achieve thegoalby executingthe
optimalactionsaccordingto the 2 function learnedwith the repre-
sentationsgeneratedby eachdiscretizationtechnique.Themaximum
lengthof a run is 100actions.If therobotdoesnot achieve thegoal

areaafter executing100 actions,the robot is supposedto be in a
blockedsituationor a cycle.

Figure7. PrototypesUsingVQ Discretization.
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Figure 8. Percentageof successfultrialswhenlearningwith different
approachesanddifferentstatespacesizes.

Fromtheseresultsonecandraw the following conclusions.Uni-
form discretizationsrequiresa highernumberof statesto generate
good results.In this case,the 61.15%of successfultrials is only
achivedwith 3721states.However, andgiventheregularitiesof this
domain,with auniformdiscretizationof �I�i���`* states,the100%of
successcouldbeachieved(in thesamewaythatthe �l��� discretiza-
tion for the domainpresentedin section2). On the otherhand,the
VQ discretizationtakesadvantageof thebestlocationof theproto-
types,achieving the60.57of successfultrials with 676states.When
thenumberof statesis increased,usingVQ discretizationstheperfor-
mancedecreasestoo,becausethehighnumberof states.So,although
VQ discretizationsprovide goodsolutions,finding theright number
of statesto useis a hardproblemto solve.

Learningwith ENNC-QL hasbeenperformedwith the samepa-
rametersand data. The only parameterintroducedto the ENNC
classificationalgorithmis the numberof cycles, 5 (definedin sec-
tion 3.1), set to 2000for this experiment. However, given that the
classifierlearnedin eachiterationusestheclassifierobtainedin the
previous iterationas seed(only small modificationsareexpected),
thenumberof cyclesis reducedin every iterationof theENNC-QL
in 100 cycles,arriving to a minimum valueof 200 (big enoughto
performtherequiredmodifications).

To definethenumberof iterationsof thealgorithmto execute(pa-
rameteru ), it is usefulto checkFigure9. TheFigureshows thenum-
berof prototypesof thestatespacerepresentationachievedfor each
action in eachiteration.Thesevaluesare increasedvery fastup to
iteration34, wherethe growth stabilizesto the range1600-1800in
the following 10 iterations.So, the resultof iteration34 is the one
usedfor therestof theexperiment,andconsistsof 4 statespacerep-



resentations,� for actions“Go East”,“Go North”, “Go West”and“Go
South”of 1711,1695,1587and1678prototypesrespectively.
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Figure 9. Evolutionof theNumberof Prototypesdefinedby the
ENNC-QLAlgorithm.

Following the stepsdefined in Figure 3, the non-deterministic
Q-Learningupdatefunction is usedto absorbthe non-determinism
of the representation,using the sameparametersthan for VQ and
uniform discretizations,but initializing the Q valuesto the values
achievedin thepreviousstep(improving theconvergenceof 2 ). Af-
terthat,theENNC-QLalgorithmachievesa69.15%of successfultri-
als.Therealimprovementof thealgorithmis notonly thatit achieves
bettersolutionsthanuniformandvectorquantizationdiscretizations,
but that it achieves thesesolutionswithout defining the numberof
discretizedstates.Figure10 shows thediscretizationof theenviron-
mentfor action“Go East”.

Figure 10. PrototypesusingENNC-QLDiscretizationfor Action “Go
East”.

5 CONCLUSIONS AND FURTHER WORK

This paperhasshown therelationshipbetweentheuseof discretiza-
tion methodsof thestatespaceasa generalizationtechniquein rein-
forcementlearningdomainsandthedeterminismof thesedomains.
The main conclusionto point out is that even if the original envi-
ronmentis deterministic,the useof thesegeneralizationtechniques
mayintroducenon-determinismthatcanresultin badsolutionsof the
problem.Wehavedescribedhow theENNC-QLalgorithmlearnsthe
statespacerepresentationat the sametime thanthe valuefunction.
Thisallowsto supervisethelearningof thestatespacerepresentation
in eachiterationwith thevaluefunction learnedup to thatmoment.
Thus,the regionsarelocatedin the bestway so the valuefunction
approximationlearnedin the following iterationof thealgorithmis
moreadjustedto the real one.This allows to achieve betterresults

thanothertechniquesthatdo not supervisethe learningof thestate
spacerepresentationwith thevaluefunctionthatis beinglearned.

Furthermore,the ENNC-QL algorithm automaticallycomputes
theappropriatenumberof regionsneededin thenew representation,
sonoknowledgeaboutthesizeof thedomainmustbeintroduced“a
priori”. Also, thatnumberof statesdoesnotgrow much,but it should
bepreferredto improve this valueby forcing theENNC classifierto
generatea reducedsetof prototypesin eachiteration.

Futurework will mainly follow threeresearchlines.First, to elim-
inatesomeof theparametersof thealgorithm.For instance,thenum-
berof iterationsto execute,u , canbe replacedby an endcondition
that takes into accountthe learningconvergence.Second,we will
comparewith other techniquesthat discretize/generalizethe state
spacein differentdomains.Lastly, we will verify how theapproach
canbeusedin inherentstochasticdomains.
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