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Abstract. We studythe problemof multiclassclassificatiorwithin
the framework of error correcting output codes (ECOC) using
maigin-basedinary classifiers An importantopenproblemin this
contet is how to measurehe distancebetweerclasscodevordsand
the outputsof the classifiersin this paperwe proposea new decod-
ing functionthatcombineshe mamgins throughan estimateof their
classconditionalprobabilities.We reportexperimentsusingsupport
vectormachinessthebasebinaryclassifiersshaving theadwantage
of the proposeddecodingfunction over otherfunctionsof the mar
gin commonlyusedin practice.We alsopresentnew theoreticalre-
sultsboundingtheleave-one-ouerrorof ECOCof kernelmachines,
which canbeusedto tunekernelparametersAn empiricalvalidation
indicateshattheboundleadsto goodestimate®f kernelparameters
andthe correspondinglassifiersattainhigh accurag.

Keywor ds: MachineLearning,Error CorrectingOutputCodes Sup-
port VectorMachines StatisticalLearningTheory

1 Introduction and Notation

Many machindearningalgorithmsareintrinsically concevedfor bi-
nary classificationHowever, mary realworld learningproblemsre-
quirethatinputsaremappednto oneof several possiblecateories.
The extensionof a binary algorithm to its multiclasscounterpart
is not always possibleor easyto conceve. An alternatve consists
in reducinga multiclassprobleminto several binary sub-problems.
Perhapshe mostgeneralreductionschemeis the information the-
oretic methodbasedon error correctingoutput codes(ECOC), in-
troducedby Dietterich and Bakiri [5] and more recently extended
in [1]. ECOC work in two steps:training and classification.Dur-
ing the first step, .S binary classifiersaretrainedon S dichotomies
of the instancespace,formed by joining non overlappingsubsets
of classesAssumingQ classesl|et usintroducea “coding matrix”
M € {-1,0,1}°*5 which specifiesa relationbetweerclassesnd
dichotomiesmgys = 1 (mgs = —1) meanghatexamplesbelonging
to classqg areusedaspositive (negative) examplesto train the s—th
classifierfs. Whenmgs = 0, pointsin classq arenot usedto train
the s—th classifier Thus eachclassq is encodedby the g—th row
of matrix M which we also denotedby M,. Typically the classi-
fiersaretrainedindependentlyThis approachs known asmulti-call
approachRecentworks[8, 2] consideredilsothe casewhereclassi-
fiersaretrainedsimultaneously(single-callapproach)In this paper
we focuson the former approachalthoughsomeof the resultsmay
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be extendedto the latter one. In the secondstepa new input x is

classifiedby computingthe vectorformedby the outputsof theclas-
sifiers,f(x) = (f1(x),..., fs(x)) andchoosingthe classwhose
correspondingow is closestto f(x). In sodoing, classificationcan
beseenasadecodingoperatiorandthe classof input x is computed
as

Q
arg min d(M, £(x),
gl

whered is thedecodingunction.In [5] theentriesof matrix M were
restrictedto take only binary valuesandthe d waschoserto be the
Hammingdistance:

S .
L(M,, f) = Z Imgs — Zlgn(fS)l 1)

s=1

In the casethatthe binary learnersare magin-basecclassifiers|1]
shavn theadwantageof usingaloss-basedunctionof themaigin

S

dr (Mg, f) = Y L(mgs fo)

s=1

where L is a loss function. Sucha function hasthe advantageof

weightingthe confidenceof eachclassifierthusallowing a morero-

bust classificationcriterion. The simplestlossfunction one canuse
is thelinearlossfor which L(mgs fs) = —mgs fs but several other
choicesare possibleandit is not clearwhich one shouldwork the
best.In the casethatall binary classifiersarecomputedby the same
learningalgorithm All wein, Shapireand Singer[1] proposedo set
L to be the sameloss function usedby that algorithm. In this pa-
perwe suggest differentapproachwhich is basedon decodingvia

conditionalprobabilitiesof the outputsof the classifiersThe adwan-
tagesfferedby ourapproachs twofold. First, the useof conditional
probabilitiesallows to combinethe mamgins of eachclassifierin a
principledway. Secondthe decodingfunctionis itself a classcon-
ditional probabilitywhich cangive an estimateof multiclassification
confidenceThis approachis discussedn Section2. In Section3

we presentexperimentsusing SVM asthe underlyingbinary clas-
sifiers,which enlightenthe advantageover otherproposediecoding
schemesln Section4 we study the generalizatiorerror of ECOC.
We presenta generalboundon the leave one out error in the case
of ECOC of kernelmachinesThe boundcanbe usedfor estimat-
ing optimal kernel parametersThe novelty of this analysisis that
it allows multiclassparametersptimizationeven thoughthe binary
classifieraretrainedindependentlyWe reportexperimentshaving

thatthe boundleadsto goodestimateof kernelparameteraindthe
correspondinglassifiersattainhigh accurag.



2 Decoding Functions Based on Conditional
Probabilities

We have seerthatalossfunctionof themaigin presentsomeadwan-
tageover the standarcHammingdistancebecauset canencodethe
confidenceof eachclassifierin the ECOC.This confidences, how-
ever, arelative quantity i.e. therangeof thevaluesof themamgin may
vary with the classifierused.Thus,just usinga linear lossfunction
may introducesomebiasin the final classificationin the sensethat
classifierswith a larger outputrangewill receve a higherweight.
Not surprisingly we will seein theexperimentselow thattheHam-
ming distancecanwork betterthanthelinearandsoft-magin losses
in the caseof pairwiseschemesA straightforvard normalizationin
someinterval, e.g.[—1, 1], canalsointroducebiassinceit doesnot
fully take into accountthe magin distribution. A more principled
approachis to estimatethe conditional probability of eachoutput
codebitO; giventheinputvectorx. Assumingthatall theinforma-
tion aboutx thatis relevant for determiningO; is containedn the
mamin f,(x) (or f, for short)the above probability for eachclassi-
fieris P(Os|fs, s). We cannow assume simplemodelfor theprob-
ability of Y giventhe codebitsO;, ..., Os. The conditionalproba-
bility thatY = ¢ shouldbe 1 if the configurationon Oy, ...,Os
is the codeof ¢, shouldbe zeroif it is the codeof someotherclass
q' # g, anduniform (i.e.1/Q if theconfigurationis notavalid class
code.Underthis model,

P(Y =q|f) = P(O1 = mq1,...,05 = mgs|f) + a
beinga aconstanthatcollectsthe probabilitymassdispersean the
25 — Q invalid codes AssumingthatO, andO, areconditionally
independengivenx for eachs, s’, we canwrite the likelihoodthat
theresultingoutputcodevordis g as

S
P(Y =qlf) = [[ P(Os = mys |fs) + . @

s=1

In this casejf « is small,thedecodingfunctionwill be:
d(M,, ) ~ —log P(Y = ¢ |f). @3)

The problem boils down to estimatingthe individual conditional
probabilitiesin Eq.(2). To doso,onecantry tofit aparametrianodel
ontheoutputproducedby an-fold crossvalidationprocedureln our
experimentsve choosehis modelto be a sigmoidcomputecbn a 3-
fold crossvalidationassuggesteéh [10]:

1
1+exp{Asfs + Bs}

P(Os =mys |fs,8) =

It isinterestingo noticethatanadditionaladwantageof theproposed
decodingalgorithmis that the multiclassclassifieroutputsa condi-
tional probability ratherthana mereclassdecision.

3 Experimental Comparison Between Different
Decoding Functions

Theproposediecodingnethods validatedon tendatasetérom UCI
repository Their characteristicareshortlysummarizedn Tablel.
We trained multiclassclassifiersusing SVM as the basebinary
classifier In our experimentsve comparedour decodingstratgy to
Hammingand other commonloss-basediecodingschemeglinear,
andthe soft magin loss usedto train SVM) for differenttypesof
ECOCschemesone-vs-all,all-pairs,anddensematricesconsisting

Table1l. Characteristicef the Datasetsised

[ Name [ Classes| Train | Test] Inputs |
Anneal 5 898 - 38
Ecoli 8 336 - 7
Glass 6 214 - 9
Letter 26 15000 | 5000 16
Optdigits 10 3823 | 1797 64
Pendigits 10 7494 | 3498 16
Satimage 6 4435 | 2000 36
Seggment 7 1540 770 19
Soybean 19 683 - 35
Yeast 10 1484 - 8

of 3Q columnsof {—1, 1} entries.SVM weretrainedon a Gaussian
kernelwith the samevalue of the variancefor all the experiments.
For datasetsvith lessthan2,000instancesve usedtenrandomsplits

of the availabledata(picking up 2/3 of examplesfor trainingand1/3

for testing)and averagedresultsover the tentrials. For the remain-
ing datasetsve usedthe original split definedin the UCI repository

Resultsaresummarizedn Tables2—4.

Table2. One-vs-All

Dataset | Hamming | Linear | Soft-magin [ Likelihood |

Anneal 94.4 94.8 94.8 96.4
Ecoli 64.9 79.0 79.0 76.8
Glass 27.6 54.9 54.9 59.6
Letter 30.9 69.8 69.8 76.8
Optdigits 94.8 97.2 97.2 97.1
Pendigits 90.8 94.5 94.5 94.8
Satimage 81.0 82.9 82.9 83.1
Sgment 56.5 82.2 82.2 88.2
Soybean 75.7 92.1 92.1 92.7
Yeast 145 54.0 54.0 57.9

Table3. All-Pairs

Dataset | Hamming [ Linear | Soft-magin [ Likelihood |

Anneal 94.7 93.6 95.1 95.9
Ecoli 77.0 76.6 77.0 82.8
Glass 50.0 47.9 50.7 61.0
Letter 80.1 54.3 80.3 811
Optdigits 97.3 93.8 96.3 97.4
Pendigits 96.1 89.5 95.0 96.5
Satimage 85.3 75.2 84.9 85.0
Segment 84.9 70.5 85.5 86.1
Soybean 90.1 90.7 90.6 92.3
Yeast 52.7 53.1 52.6 58.6

Our likelihood decodingworks significantly betterfor all ECOC
schemesThisresultis particularlyclearin the caseof pairwiseclas-
sifiers.In the caseof denseECOC somedichotomiescanbe partic-
ularly hardto learnandin this situationthe sigmoid may be a too
simplemodelfor the conditionalprobability We suspecthatby us-
ing a betterestimateof the conditionalprobability one could obtain



Table4. DenseCodes

Dataset | Hamming [ Linear | Soft-magin | Likelihood |

Anneal 94.5 94.9 94.9 95.9
Ecoli 78.4 79.2 79.1 78.0
Glass 43.9 47.9 48.1 53.6
Letter 61.7 62.9 63.2 64.3
Optdigits 97.3 97.3 97.3 97.2
Pendigits 90.9 92.1 92.1 92.9
Satimage 81.3 82.6 82.5 82.9
Se@ment 82.7 84.3 84.3 85.7
Soybean 91.8 92.2 92.2 92.4
Yeast 50.4 54.2 54.2 56.8

betterresultswith thelikelihooddecodingNoticethattheHamming
distancevorkswell in thecaseof pairwiseclassificationwhile it per
formspoorly with one-vs-allclassifiersBoth resultsarenot surpris-
ing: the Hammingdistancecorrespondso the majority vote, which
is known to work well for pairwiseclassifierd7] but doesnot malke
muchsensdor one-vs-allbecausén this casetiesmayoccuroften.

4  Tuning Kernel Parameters

In this sectionwe studythe problemof modelselectionin the case
of ECOC of Kernel Machines[12, 11, 6, 3]. The analysisusesa
leave-one-ouerrorestimateasthekey quantityfor selectinghe best
model. We first recall the main featuresof kernelmachinesfor bi-

nary classificationFor a more detailedaccountconsistentwith the
notationsin this sectionsee[6].

4.1 Background on Kernel Machines

Kernelmachinesarethe minimizersof functionalsof theform:

H[f; D] =

~| =

4
D Vi f (i) + MlIflk, @)

wherewe usethefollowing notation:

{(xi,¢:) € X x {—1,1}}¢_; isthetrainingset.

e fis afunctionlR® — IR belongingto a reproducingkernel
Hilbert spaceH definedby a symmetricandpositive definiteker-
nel K, and|| f||% is thenormof f in this spaceSee[12, 13]for a
numberof kernels.Theclassificatioris doneby takingthe signof
this function.

e V(cf(x)) is a lossfunction whosechoice determinedifferent
learningtechniqueseachleadingto a differentlearningalgorithm
(for computingthe coeficientsa; - seebelaw). In this paperwe
assumehatV is monotonicnonincreasing.

e )\ is calledtheregularizationparameteandis a positive constant.

Machinesof theformin Eq. (4) have beenmotivatedin theframe-
work of statisticallearningtheory Underrathergeneralconditions
thesolutionof Equation(4) is of the form*

£
fx) =) aiciK(xi,x). ®)

4 We assumehatthe biastermis incorporatedn thekernel K.

Let usintroducethe matrix G definedby G;; = K(x;,x;). The
coeficientsa; in Equation(5) arelearnedby solving the following
optimizationproblem:

maxXe H(a) = ;.n:l S(Oﬂi) — % Ef,j:l a;a;ciciGij 6)
subjectto: 0 < a; <C,i=1,...,¢,

whereS(-) is aconcae functionandC = ﬁ aconstantSupport
VectorMachines(SVMs) area particularcaseof thesemachinegor
S(a) = a. Thiscorrespond$o alossfunctionV in (4) thatis of the
form |1 — ¢f(x)|+, where|z|+ = z if z > 0 andzerootherwise.
Thepointsfor which a; > 0 arecalledsupportvectors.

An importantproperty of kernel machinesis that, sincewe as-
sumedK is symmetricandpositive definite,the kernelfunctioncan

bere-writtenas
K(%,t) = ) Ann(x)¢nlt)- )
n=1

where¢,, (x) arethe eigenfunctionf the integral operatorassoci-
atedto kernel K and\,, > 0 their eigervalues[4]. By setting®(x)
to bethe sequence(m¢n(x)) , we seethat K is a dot product
in a Hilbert spaceof sequence{called the featurespace) that is,
K(x,t) = ®(x) - ®(t). Thus,functionin Eq. (5) is alinearcombi-
nationof features f(z) = Y wn. (). Thegreatadvantageof
working with the compactrepresentatiom Eq. (5) is thatwe avoid
directly estimatingthe theinfinite parametersvy, .

Finally, notethatkernel K canalsobe defined/ilt by choosing
thegsandAsbut, in generalthosedo not needto beknown andcan
beimplicitly definedby K.

4.2 Boundson theLeave-One-Out Error

Wefirstintroducesomemorenotation We definethemulticlassmar
gin (seealso[1]) of point (x, y) to be

g(x: y) = _d(M?J’ f(X)) + d(Mr(x,y)a f(X))
with
r(x,y) = argmin, ., d(M,, f(x)).
Wheng(x, y) is negative, pointx is misclassifiedNotice thatwhen
@ = 2 andand L is thelinearloss, g(x, y) reducego the defini-

tion of magin for a binary real valuedclassificationfunction. The
empiricalmisclassificatiorerrorcanbewritten as:

&~ =

4
> 6(—g(xi,y:)

Theleave-one-ou(LOO) erroris definedby

0 (—g'(xi, i)

=
-

=1

wherewe have denotedby g° (x;, y;) themagin of examplex; when
the ECOCis trainedon the datasetD,\ { (x:, y;) }. TheLOO erroris
aninterestingquantityto look atwhenwe wantto select/findhe op-
timum (hyper)parametersf a classificatiorfunction,asis analmost
unbiasedestimatorfor thetesterrorandwe mayexpectthathis min-
imumwill be closeto the minimum of the testerror. Unfortunately
computingthe LOO error is time demandingvhen/ is large. This



becomegpracticallyimpossiblein the casethatwe needto know the
LOO errorfor severalvaluesof the parametersf themachineused.

In the following theoremwe give a boundon the LOO error of
ECOCof kernelmachinesAn interestingpropertyof this boundis
thatit only depend®nthesolutionof themachinerainedonthefull
datase{sotrainingthe machineoncewill sufice).Below we denote
by f. the s—machine,fs(x) = > 7" aim,,K*(x;,x), andlet
Gi; = K°(xi,%5).

Theorem 1 Suppos¢hedecodingunctionuseghelinear lossfunc-
tion. Then, the LOO error of the ECOC of kernel madines is
boundedoy

£
1
7 Z}e (—g(xi,yi) +%<Ut(xi)) ®)
whele we havedefinedhefunction
S
Us(xi) = (Me = M) - £(:) + ) myis(mye = mis)ai G
s=1

To prove this theoremwe first needthe following Lemmafor bi-
narykernelmachines.

Lemma4.l Let f(x) bethekernelmadineasdefinedn Equations
(5)and(6). Let fi(x) bethesolutionof (4) foundwhenthedatapoint
(x4, ¢i) iIs remavedfromthetraining set.We have

cif(xi) — iGii < ci f'(xi) < i f(xi). )

Proof: Thel.h.spartof Inequality (9) wasprovedin [9]. Notethat,
if x; is nota supportvector f = f* andwe have a trivial inequal-
ity. Thussupposehatx; is a supportvector To prove ther.h.s.in-
equalitywe obsere that: H[f; D] < H[f%; D], and H[f; D] >
H|[f*; D). By subtractingthe secondboundfrom the first oneand
usingthedefinitionof H we obtainthatV (c; f(x;)) < V (ci f*(x:))-
Then,theresultfollows by the monotonicallypropertyof V. O

We now turn to the proof of Theoreml. Our goalis to boundthe
differenceof the multiclassmamgin of £ andf?, I = g(xi,y:) —
9% (x:,y:). Let us apply Lemma4.1 to eachSVM trainedin the
ECOCprocedurelnequality(9) canberewritten as

mtsf;: (xz) = mtsfs (xz) - As"'ny,-s'rnzt.‘s (10)

where )\ is a parameteiin [0, o G§;]. Using this equationwe can
transformquantity! to thedesiredresultthroughthefollowing steps,
wherewe have definedr® = argmin,,, d(Mg, f*(x)):

I =

S

S
S A+ (M, A )~ S

s=1 s=1

s
(M,: —M,) - f(x;) + Z My, s(My;s — Myig)As
s=1
Then,boundin Eq. (8) follows by usingthe definition of ¢ andby
setting\s = i G};. O

This theoremenlightenssomeinterestingpropertiesof the ECOC
of kernelmachinesFirst, obsere thatthelargerthe magin of anex-
ampleis, thelesslik ely thatthis pointwill becountedasalLOO error.

Secondjf the numberof supportvectorsof eachkernelmachineis
small,saylessthanv, theLOO errorwill beatmostS 7. Therefore,
if Sv <« £theLOO errorwill besmallandsowill bethetesterror

We also notice that, althoughboundin Eq. (8) only usesthe
knowledge aboutthe machinetrainedon the full dataset,t gives
an estimatecloseto the LOO error whenthe parameteiC' usedto
train the kernelmachineis “small”. Smallin this casemeansthat
Csupi_, K(xi,x) < 1.

4.3 Model Selection Experiments

We now shav experimentsvherewe usetheboundprovidedby The-
oremlto selectoptimalkernelparameterdiVefocusedonfour of the
largestdatasetaind searchedhe bestvalue of the variances of the
Gaussiarkernel. To simplify the problemwe searchedca common
valuefor all the binary classifiers.Figures1-3 shav the testerror
andour LOO estimatefor differentvaluesof v = \/1_2 for thethree
. 20
ECOCschemesonsidered.

My, - £(x;) = M, - £(x;) — [My, - £'(x;) — M,.i - £(xi)]
My, - £(x;) — My, - £ (xi) + [M - £(x;) — M, - £(x;)] o
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Figurel. One-vs-all:TesterrorandLOO errorboundasa functionof the

logarithmof the parametety for satimagdleft) andoptdigits(right) datasets.
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Figure2. All-pairs: TesterrorandLOO errorboundasa functionof the
ogarithmof theparametety for satimagéleft) andoptdigits(right) datasets.

Figure3. Dense-codeslesterrorandLOO errorboundasa functionof
thelogarithmof the parametery for satimaggleft) andoptdigits(right)
datasets.



Resultsindicatethat the minimum of our LOO estimateis very
closeto the minimumof thetesterror, althoughwe oftenobsereda
slight biastowardssmallervaluesof the variance Experimentswith
all ECOCschemesvererepeatedvith suchoptimal parametersTa-
bles5-7shav thatwe canimprove performancesignificantly Notice
thatin the caseof one-vs-allanddensecodesthe adwvantageof using
likelihooddecodingis lessevidentthanin experimentsin section3.
We conjecturethat this may be dueto the fact that likelihood esti-
matesare computedon a 3-fold crossvalidation, thus the optimal
value of the varianceshouldbe computedseparatelyfor eachfold.
Moreover the bias issuesdiscussedabore may further affect such
estimatesWe will investigatesuchproblemsin future experiments.

Table5. One-vs-all:Optimizingthevarianceof the Gaussiarkernel

| Dataset [ Hamming | Linear [ Soft-magin [ Likelihood |

Optdigits 79.1 98.1 98.1 98.2
Pendigits 95.5 98.1 98.1 98.0
Satimage 82.9 90.8 90.8 91.0
Se@ment 89.1 94.8 94.8 94.8

Table 6. All-pairs: Optimizingthevarianceof the Gaussiarkernel

| Dataset [ Hamming | Linear [ Soft-magin [ Likelihood |

Optdigits 97.9 97.2 97.2 98.0
Pendigits 97.7 96.9 97.2 98.1
Satimage 90.6 90.2 90.7 90.9
Segment 94.2 94.3 94.3 95.3

Table7. Dense-codeDptimizingthevarianceof the Gaussiarkernel

Dataset | Hamming [ Linear | Soft-magin | Likelihood |

Optdigits 97.3 97.6 97.6 98.1
Pendigits 98.0 97.9 97.9 98.1
Satimage 89.6 90.4 90.4 90.7
Se@ment 93.8 94.8 94.8 94.9

5 Conclusions

We studiedECOCconstructedn maigin basedinaryclassifierain-
dertwo complementaryperspecties:theuseof conditionalprobabil-
ities for building a decodingfunction,andthe useof a theoretically
estimatedoundontheleave-one-outrrorfor optimizingkernelpa-
rametersOur experimentshav thattransformingmaginsinto con-
ditional probabilitiesis very effective andimprovesthe overall accu-
ragy of multiclassclassificatiorin comparisorto standardoss-based
decodingschemesMoreover, fitting Gaussiarkernelparameterdy
meansof our theoreticaboundfurtherimprovesclassificatioraccu-
ragy of ECOCmachines.
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