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Abstract. We presentan algorithm for learningstablemachines
whichis motivatedby recentresultsin statisticallearningtheory. The
algorithm is similar to Breiman’s baggingdespitesomeimportant
differencesin thatit computesanensemblecombinationof machines
trainedon small randomsub-samplesof an initial trainingset.A re-
markablepropertyis thatit is oftenpossibleto justusetheempirical
errorof thesecombinationsof machines for modelselection.We re-
portexperimentsusingsupport vectormachinesandneuralnetworks
validatingthetheory.
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1 Intr oduction and Notation

An importanttheoreticalapproach to analyzingthe performanceof
learningmachinesis through studying their stability [7, 11, 3]. Var-
ious notionsof stability have beenproposedin the past[7, 11, 3],
andhave beenusedto studyhow combining machinescaninfluence
thegeneralizationperformance [4]. Therehasalsobeena lot of ex-
perimentalwork showing thatcombininglearningmachines,for ex-
ampleusingBoostingor Baggingmethods [4, 13], very often leads
to improvedgeneralizationperformance,andanumberof theoretical
explanationshave beenproposed [13, 4, 10].

Bagging[4] is a particularensemblearchitectureconsistingof a
votingcombinationof anumberof learningmachines.Eachmachine
is obtainedby trainingthesameunderlinelearningalgorithm,e.g.a
decisiontree,on a datasetdrawn randomly with replacementfrom
an initial training set.The sizeof this sub-sampled datasetis equal
to thesizeof theoriginal trainingset,but repetitionsof pointsoccur.
Although theredoesnot exist a well-acceptedtheory of Bagging,
therearesometheoreticalandexperimentalindicationsthatBagging
worksbetterwhentheindividual machineis “unstable”[4]. Instabil-
ity in thiscasemeansthatthemachinechangesa lot with changesof
thetrainingset.

In thispaperwepresentasimplealgorithmfor learningstablema-
chineswhich is basedon recentresultsin statisticallearningtheory
[8]. Thealgorithmis similar to Breiman’s Baggingdespitesomeim-
portantdifferences:(i) we let eachmachineuseonly asmallpart(i.e.
5-20%)of theoriginal trainingdataformedby randomsamplingwith
replacement,(ii) weconsiderthecasewhereclassificationis doneaf-
ter thresholdingthecombinationof therealvaluedoutputsof eachof
themachines.Thealgorithmis namedSubaggingandis summarized
in Figure1.�
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Figure 1. Subagging algorithm.

In a Relatedwork [8] we analyzedthe characteristicsof this al-
gorithm. In particular, we developed probabilistic bounds on the
distancebetweenthe empirical and the expectederror that, unlike
in the standardanalysisof Bagging[4], arenot asymptotic. These
bounds formally suggestthatSubaggingcanincreasethestability of
the learningmachineswhen thesearenot stableanddecreaseoth-
erwise.Theseresultsare reviewed in Section2. In Section3 we
presentexperimentsvalidatingthis theoryusingsupport vectorma-
chinesandneuralnetworksasthebasemachine.Theresultsindicate
that Subaggingcansignificantly increasethe stability of thesema-
chineswhereasthe testerror is close(andsometimesbetter)to that
of thesamemachinestrainedon thefull trainingset.

Anotherimportantpracticalconsequenceof our theoreticalresults
is that, sinceSubaggingimproves the stability, it can be easierto
controlthegeneralizationerror. In Section4 we presentexperiments
suggestingthat the empirical error can indeedbe a good estimate
of the predictive performanceof Subagging. This is a remarkable
propertywhich shows the advantageof our ensemblemethodover
standardlearningalgorithmsbasedon empiricalrisk minimization.

2 Theory

Let �R	S�T
��������������S�U�V W
$#&%+�@%*)+) 	 �-, � be the training set.A
learningalgorithm is a function .X/G���Y Z
$#&%'�(%*)*� 	 3 ���4� 5 6
which, given a trainingset � 	 , returnsa realvaluedclassifier7 8 9[/� 3]\ ^ . Classificationof a new input � is doneby taking thesign
of 7*8:9+���:� . For simplicity we consideronly deterministicandsym-
metric algorithmsalthoughthe theory can be extendedto general
algorithmsby addinga randomizingpreprocessingstep.We denote
by � �	 thetrainingsetobtainedby removing point ���_��������� from �`	 ,



thatis theset �`	'a1
$��� � ��� � �I) . Weusethefollowing notionof stability
from [3]:

Definition: Wesaythatalearningalgorithmis b1	 -stablewith respect
to a trainingsetsof size c if thefollowing holds:dfe �4
$%+�(?@?A?A��c()$� d � 	 � d ���=�g�1��/
h 7 8 9'���K�K#i7 8kj9 ���K�Ah$lSb 	

Roughlyspeakingtheoutputof a learningmachineonanew (test)
point � shouldnot change morethan b+	 whenwe train themachine
with any trainingsetof sizec andwhenwetrainthemachinewith the
sametrainingsetbut onetrainingpoint (any point) removed.Bounds
on stability for many algorithmswereprovedin [3].

It is possibleto relatethe stability of a learningalgorithmto his
generalizationerror, m L npo q(OIr s ��#t�17*8:9+���:���vu , wheretheexpectationis
taken w.r.t the unknown probability distribution generatingthe data
and s is theHeavysidefunction, s ��wx�y�z% , if w|{~} , andzerooth-
erwise(for a discussion, see[7, 11, 3]). In orderto statethe results
we also definefor any given constant � the empirical error ���emp
on function 7 to be: � �emp��7��4� �	 Q 	 �-, �1� � ��#t����7:�����v��� , where

the function � � �H��� is 0 for �W��#t� , 1 for �W{�} , and ���� % for#t��l���l~} (a soft margin function).The following theoremfrom
[3] expressestherelationbetweengeneralizationandstability.

Theorem 1 For any given � , with probability %[#�� the general-
ization misclassificationerror of an algorithm that is b�	 stable is
boundedby:

� �emp��7'8:9A� � � b_	� �
� %� c�� � c�b1	� � %A� ���N� � %� �

We now discussa similar generalizationbound for an ensemble
of machineswhereeachmachineusesonly D pointsdrawn randomly
with theuniform distribution from thetrainingdata.To studysucha
system,let us introducesomemorenotationsthat incorporatesthe
“random sub-sampling”effect. Let � F8:9 �Tm 8 J r 7 8 J*u be the ex-
pectedcombinationof machinestrainedon sub-samplesof size D .
Theexpectationis takenwith respectto thetrainingdata � F of sizeD drawn uniformly from � 	 . Thenext theoremis from [8].

Theorem 2 For any given � , with probability %[#�� the general-
ization misclassificationerror of the expectedcombination � F8 9 of
machineseach usinga sub-sampleof size D of the training setand
each havinga stability bpF is boundedby:

� �emp��� F8:9 � ��� Dc b�F� �
� %� c � � D*bfF� � %(� � �N� � %� �

Proof (Sketch): Theproof consistsof bounding thestability of the
Subaggingprocedure.To this end, it is sufficient to show that the
stability of � F8 9 is upperbounded by

� FI� J	 andapply Theorem2.1
afterwards.

This theoremholdsfor ensemblecombinations thataretheoretically
definedfrom theexpectation m�8KJ r 7'8KJ�u . It doesnot apply to a finite
combinationof machines computedby Subagging,

�P�Q PM�, � 7 8KJ'LNMHO .
Yet, when B is large �;�emp��� F8 9 �E�!���emp� �P"Q PM�, � 7 8 J L M�O � and
when B increasesthestabilityof thecombined learningsystemtends
to thestabilityof theexpectation m 8 J r 7 8 J(u whichdoesnot improve
after B haspasseda certainvalue.This valuemaycorrespond to the
convergenceof thefinite sum

�P Q PMH, � 7 8KJ�LNM�O to its expectationw.r.t.� F - See[8] for aformaldiscussion.Thus,thecontrolof thetesterror
by the empiricalerror is mainly dueto the sub-samplingeffect and

not to thenumber of machinesusedin thecombination. Thatmeans
that increasingB shouldn’t improvethiscontrol asmuch asreducing
thevalueof D , a factwhich we experimentallyverified- SeeSection
3.

A consequenceof Theorem2 is that,sincethestability of � F8:9 is
smallerthan

� F�� J	 , if thisstability is betterthanthestabilityof a sin-
gle machine(which equalsb$	¡� , theaverageof functions 7 8 J LNM�O pro-
videsa betterbound.However, in theothercase,theboundis worse
andSubagging shouldbeavoided.Wehave thefollowing corollary:

Corollary 2.1 If a learningmachinesis b 	 stableand
� 9� J � � F	 , then

combiningtheselearningmachinesvia Subagging doesnot provide
a betterboundon the differencebetweenthe testand empirical er-
ror. Conversely, if

�(9� J { � F	 , thencombiningtheselearningmachines
leadsto a betterboundon thedifferencebetweenthetestandempir-
ical error.

This corollary says that combining machines via Subagging
shouldnotbeusedif thestabilityof thesinglemachineis verygood.
However, it is not often the caseto have a highly stablesinglema-
chine,sotypically Subaggingimprovesstability. In sucha situation,
thebounds presentedin this papershow thatwe have bettercontrol
of thegeneralizationerrorfor combinationof machines in thesense
thattheempiricalerror is closerto thetesterror.

At lastnoticethat theboundspresenteddo not necessarily imply
that the generalizationerror of Subagging is lessthanthatof single
machines(the r.h.s.of the bounds includeboth the empiricalerror
andthestability),a remarkwhich alsobeenmadefor Bagging[4].

3 Experimental Results

We conducted a numberof experimentsusing five datasetsfrom
UCI ¢ : Breast-Cancer, Diabetis,German,Image,andFlare-Solar. We
focusedmainly on two learningmachines:SupportVectorMachines
(SVMs) andNeuralNets.Thegoalof theexperimentswasto study
how thetesterrorandtheabsolutedifferencebetweentestandtrain-
ing error behave with the “free parameters”of Subagging, i.e. with
thenumberB of machinesandthepercentage£ of sub-samplesused
by eachmachine,£�� F	  ¤%A}+} . For bothSVM andNeuralNetswe
found that Subaggingdecreases the above difference,thus increas-
ing their stability. We now discusstheseresultsandlink themto the
theoreticalfindings.

3.1 SubaggingSVMs

We usedSVMs [14] by using a Gaussiankernel. EachSVM was
trainedwith a fixed valueof the regularizationparameterandvari-
anceof theGaussianwhich werepreviously computedusing10-fold
crossvalidation. Table 1 shows the averagetest error (top row in
eachcell) andtheaverageabsolutedifferencebetweentestandtrain-
ing error (bottomraw in eachcell) with their standarddeviation as
a functionof thepercentage£ . Theaveragewascomputedover 10
randomsplitsof theoveralldatasetsin testingandtraining.Thenum-
ber of machinescombined by Subagging wasequalto ¥+} . The last
columnin Table1 showstheresultsof theSVM trainedon thewhole
dataset.

Theseresultsindicatethat the differencebetweentestand train-
ing error of oneSVM usingall training datais, except that for the
Flare-Solardataset,aboutdouble the samedifferenceobtainedby¢ The dataset along with a short description are available from

http://www.ics.uci.edu/˜mlearn/MLRepository.html



Subaggingwith £¦�§%(}�¨ . At the sametime, the testperformance
of oneSVM aloneis closeon four datasetsandbetterthanSubag-
ging on the Imagedataset.In other words the test performanceis
aboutthesame, but thedifferencebetweentestand training error is
significantly smallerfor Subagging thanfor a singleSVM. Notethat
the parametersof the SVM wereoptimizedfor the singleSVM, so
theperformanceof Subaggingis not theoptimalone.

The fact that the test error getscloser to the training error for
Subaggingcan be explained by Theorems1 and 2. Indeedif we
denoteby © the kernel of the SVM and by ª the regularization
parameter, the stability of an SVM canbe boundedby «­¬ ®� where¯ �U°�±1²1³+´+µ4©i���k���:� . Thus,becauseª wasfixed to a constantin
ourexperiments,thestabilitydoesnotdependonthesizeof thetrain-
ing set¶ . In this caseTheorem2 gives a much tighter bound than
Theorem1.

Finally, we noticed that the number B of machinesis not very
important:combiningonly 10 SVMs givesalreadya goodapproxi-
mationof the“true average”(We will adda figureshowing this in a
futureversionof thepaper).

Table 1. Subagging SVMs.Averagetesterrorand(below it) theaverage
absolute differencebetweentestandtraining errorwith their standard

deviations for differentvaluesof thepercentage· of thesub-samples.The
lastcolumnshows theresultsfor theSVM trainedon thefull dataset.

Dataset 5% 10% 20% 1SVM

Breast 28.5 ¸ 4.8 27.1 ¸ 4.6 27.0 ¸ 4.7 26.6 ¸ 4.8
5.3 ¸ 4.4 5.6 ¸ 3.4 7.2 ¸ 4.3 9.0 ¸ 5.0

Diabetis 24.6 ¸ 1.9 23.5 ¸ 2.0 23.5 ¸ 2.0 23.3 ¸ 2.3
2.6 ¸ 1.5 2.8 ¸ 1.4 3.1 ¸ 1.7 5.4 ¸ 1.8

German 26.2 ¸ 2.7 24.3 ¸ 1.9 23.8 ¸ 2.2 23.4 ¸ 1.7
2.7 ¸ 1.4 2.6 ¸ 1.6 3.1 ¸ 1.8 6.7 ¸ 2.2

Image 8.9 ¸ 0.8 7.1 ¸ 0.8 4.7 ¸ 0.7 3.0 ¸ 0.6
0.8 ¸ 0.6 0.7 ¸ 0.8 0.7 ¸ 0.7 1.7 ¸ 0.6

Solar 33.8 ¸ 2.3 34.0 ¸ 1.9 33.5 ¸ 2.7 34.9 ¸ 3.0
2.5 ¸ 2.0 2.4 ¸ 1.9 2.5 ¸ 2.2 3.1 ¸ 1.9

3.2 SubaggingNeural Nets

NeuralNetswere trainedwith the conjugategradient(see[12] for
details).Weuseda threelayersnetwork architecturewith tenhidden
units.Theinitial momentum,thelearningrate,theattenuatelearning
rate,the error limit and the iteration limit werefixed for all of the
machines.Also, we did not apply any heuristicsin orderto find the
initial parametersfor the Neural Network - they werechosenran-
domly a priori. Table2 shows theexperimentalresults(thesettingis
thesameasin Table1 ).

Like in thecaseof SVMs, theresultsindicatethatSubagging de-
creasesthedifferencebetweentestandtrainingerror. Thetheoretical
explanationis moredelicatein this case,becausewe do not know
theoreticallythestability of NeuralNets.However, this doesnot re-
ducetheinterestof thediscussionsincetheformertheoreticalresults
hold for very generalalgorithmsassoonasuniform stability canbe
defined.

We alsonoticedin a separateseriesof experimentsthattheabove
differenceis moresensitive to thesizeof thesub-sample thanto the
numberof themachines.In particularthe testerrordecreasesandit¶ Thediscussionbecomesmoretricky if we let ¹ bea functionof thesizeof

thetraining set º , see[8].

Table 2. SubaggingNeuralNets.Averagetesterrorand(belowit) the
averageabsolute differencebetweentestandtraining errorwith their

standard deviation for different valuesof thepercentage · of the
sub-samples.Thelastcolumnshows theresultsfor theNeuralNet trained on

thefull dataset.
Dataset » P 5 % 10% 20% 1NN

Cancer 26.7 ¸ 5.8 27.9 ¸ 3.7 28.6 ¸ 3.4 32.6 ¸ 5.7
5.3 ¸ 4.5 6.4 ¸ 3.6 11.0 ¸ 5.2 30.1 ¸ 5.5

Diabetis 24.3 ¸ 2.0 24.2 ¸ 2.5 24.3 ¸ 2.6 28.6 ¸ 1.3
3.2 ¸ 2.3 5.2 ¸ 2.9 8.2 ¸ 2.5 24.3 ¸ 1.7

German 24.5 ¸ 2.2 24.6 ¸ 2.8 23.7 ¸ 1.9 29.9 ¸ 2.7
2.9 ¸ 2.0 4.9 ¸ 3.0 8.2 ¸ 3.3 27.7 ¸ 2.9

Image 8.8 ¸ 0.8 5.7 ¸ 0.6 4.5 ¸ 1.8 9.6 ¸ 18.2
1.5 ¸ 1.6 1.5 ¸ 2.3 1.8 ¸ 2.5 7.8 ¸ 18.9

Solar 35.4 ¸ 1.7 35.4 ¸ 2.5 35.0 ¸ 1.6 33.8 ¸ 1.7
3.0 ¸ 1.8 3.7 ¸ 2.0 3.6 ¸ 2.0 2.8 ¸ 2.2

stabilizeswhenthenumberof machinescombinedis greaterthan50
(Wewill addafigureshowing this in a futureversionof thepaper).

3.3 Applying Subaggingto Other Machines

Wealsocarriedourexperimentswith DecisionTreesand ¼x# Nearest
Neighbors(not shown here).For ¼�# NearestNeighborsthe experi-
mentsdoneshowedthatSubagging doesnot decreasethedifference
betweentestandtrainingerror. The ¼�# NearestNeighbors is known
to be a stablealgorithm[4] andhis stability scalesas

�	 [7], which
means(with Corollary 2.1) that Subaggingshouldn’t help. Experi-
mentsandtheoryarethusconsistent.In thecaseof decisiontreeswe
foundthesametrendaswith SVMsandNeuralNets.

4 Model Selection Using Small Sub-samples

The bound in Theorem2 implies that the empirical error of Sub-
aggingcanbe a goodindicatorof the expectederror of the combi-
nationsof the machines,especiallyfor small sub-samplesizes.For
example,in the caseof SVMs the stability doesnot depend on the
varianceof the kernel.Thus,if we believe Theorem2 is predictive,
wemayjust try to selectthebestvalueof thevarianceby minimizing
theempiricalerror.

To further explore how the empiricalerror of Subaggingcanbe
usedfor modelselection,we performedonemoreseriesof experi-
ments.We focusedonly on two datasets,namelyBreast-Cancerand
Diabetis.

We first comparedonesingleSVM anda Subagging combination
of 30 SVMs eachusinga small percentageof the original training
set.Eachof thesetwo architectureswastrainedon differentvalues
of theregularizationparameterandvarianceof theGaussiankernel.

Figures2 and3 show testandtrainingerrorasa functionthevari-
anceof theGaussiankernel(for thesamefixedvalueof theregular-
izationparameterusedin Section3.1)for Breast-cancerandDiabetis
datasetsrespectively - noticethatthescalesof they-axisof theplots
aredifferentfor singleandSubagging SVMs. For bothdatasets,the
training error of the SVM alonemonotonically increaseswith the
varianceof theGaussian.Then,asexpected,in this casethetraining
error cannot be usedfor modelselection.On the otherhand,in the
caseof Subagging,the training error hasa minimum fairly closeto
theminimumof thetesterror.

Figures4 and5 show testandtrainingerrorfor our two datasetsas
a functionof the logarithmof the regularizationparameter. In these
figuresthetesterrorpresenta large“U” shape.However, in thecase



0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0 5 10 15 20 25 30 35 40 45 50

Test
Training

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0 5 10 15 20 25 30 35 40 45 50

Test
Training

Figure 2. Breastcancer dataset:TestandTrainingerrorasa function of
thevarianceof theGaussiankernel. (Left) OnesingleSVM, and(Right)

Subagging 30 SVMstrainedon 10%of thedata.
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Figure 3. Diabetis dataset:TestandTrainingerrorasa function of the
varianceof theGaussiankernel. (Left) OnesingleSVM, and(Right)

Subagging 30 SVMstrainedon 5% of thedata.
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Figure 4. Breastcancer dataset:TestandTrainingerrorasa function of
thelogarithmof theregularization parameter. (Left) OnesingleSVM, and

(Right) Subagging 30 SVMs trained on 10%of thedata.
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Figure 5. Diabetis dataset:TestandTrainingerrorasa function of the
logarithmof theregularization parameter. (Left) OnesingleSVM, and

(Right) Subagging 30 SVMstrainedon 5% of thedata.

of Subagging, it is still possibleto well locatetheminimumof thetest
errorby looking at theminimumof the trainingerror. Thus,theex-
perimentsindicatethatfor Subaggingbysmallsub-samplesthetrain-
ing error caneffectivelybeusedfor modelselection. Noticealso,that
in all casesthe testerror for Subaggingis only slightly biggerthan
thetesterrorof a singleSVM.

In thecaseof NeuralNets,wetriedto selectthenumberof hidden
units of the NeuralNets.Table3 shows the averagetestand train-
ing errorfor onesingleNeuralNetsandSubagging NeuralNetswith£���½+¨ for differentnumbersof hiddenunits.Althoughthis exper-
imentis only preliminary(we usedonly four differentvaluesfor the
hiddenunites)it indicatesthat thetrainingerrorcanpredictthebest
choiceof theparameteri for Subagging.

The fact that, in the caseof Subaggingwith small sub-samples,
the empiricalerror canbe usedfor modelselectionis, asfar aswe
know, a quitesurprisingresult.For standardlearningalgorithms,in-
stead,theempiricalerroris anincreasingfunctionof themodelcom-
plexity, i.e. thecomplexity of thehypothesisspaceusedfor learning
(measuredfor examplethroughtheVC-dimensionof thatspace).As
a consequence,to performmodel selection,one typically needsto
useothererror estimatessuchasthe leave-one-out error [7]. How-
ever, thecomputationof theseerrorestimatesis, in general,very ex-
pensive. Then,the fact that just the trainingerror is goodenoughto
performmodelselectionis a very pleasantpropertyof out learning
algorithm.

Table 3. Results on NeuralNetswith different trained on different
numbersof hiddenunits.Eachcell shows thetesterrorand(belowit)

empirical errorwith their standard deviations.

H. Units 0 2 5 10

Cancer 28.8 ¸ 3.3 30.1 ¸ 2.5 35.5 ¸ 4.3 32.6 ¸ 5.7
(1NN) 21.9 ¸ 1.3 17.1 ¸ 1.8 5.9 ¸ 0.9 25.0 ¸ 0.9
Cancer 26.6 ¸ 3.1 32.5 ¸ 3.2 28.4 ¸ 3.4 26.7 ¸ 5.8

(Suggabing) 22.4 ¸ 1.6 24.4 ¸ 1.3 23.4 ¸ 1.6 23.3 ¸ 1.5

Diabetis 23.6 ¸ 2.5 26.2 ¸ 3.2 28.4 ¸ 1.0 28.6 ¸ 1.3
(1NN) 20.4 ¸ 2.3 19.6 ¸ 5.6 10.7 ¸ 2.3 4.3 ¸ 1.5

Diabetis 24.6 ¸ 2.4 25.2 ¸ 1.6 25.0 ¸ 1.9 24.3 ¸ 2.0
(Subagging) 22.8 ¸ 2.5 22.6 ¸ 1.7 21.9 ¸ 2.5 21.6 ¸ 2.1

5 Conclusionsand Futur e Work

We presentedSubagging,a learningalgorithmwhich combinesthe
outputof real-valuedclassifierseachtrainedon small random sub-
samplesof theoriginal trainingset.

Wereportedexperimentsusinganumberof learningmachinesand
datasetswherewe studiedthe characteristicsof this algorithm.The
resultsindicatethatSubagging improvesthestabilityof unstablema-
chineswhile thetesterroris close(andsometimesbetter)thanthatof
thesemachinestrainedon thewholedataset.Wealsoshowedthat,in
thecaseof Subagging,theempiricalerrorof canbeusedfor model
selection,unlike the caseof single machinestrainedusing all the
trainingdata.Theseexperimentalfindingssupport thetheoreticalre-
sultsdiscussedin Section2 andsuggestthat Subaggingis a viable
techniquefor learningstablemachines.

In the future it could be interestingto further studyhow the dif-
ferencebetweentestandtrainingerrorof Subaggingdepends on the
sizeof thesub-sampling,andhow to experimentallyinfer from this
theform of thestabilityof theunderlinelearningmachineasa func-
tion of the sizeof the training data.Anotherfuturedirectionfor re-



searchis to explorehow to extendour theoreticalframework to other
ensemblemethodslike Boosting.
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