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Abstract. We presentan algorithm for learning stablemachines
whichis motivatedby recentresultsin statisticalearningtheory The

algorithmis similar to Breimans baggingdespitesomeimportant
differencesn thatit compuesanensembleombinationof machines
trainedon smallrandomsub-samfes of aninitial trainingset.A re-

markablepropertyis thatit is often possibleto just usethe empirical

error of thesecombinationof machine for modelselection We re-

portexperimeris usingsupprt vectormachinesandneuralnetworks

validatingthetheory

Keywords: Machine Learning, Statistical Learning Theory Bag-
ging.

1 Intr oduction and Notation

An importanttheoreticalapproat to analyzingthe performanceof
learningmachinesds throuch studyirg their stability [7, 11, 3]. Var
ious notionsof stability have beenpropacsedin the past[7, 11, 3],
andhave beenusedto studyhow combinirg machinesaninfluence
the generalizatiorperformane [4]. Therehasalsobeena lot of ex-
perimentalwork shaving thatcombininglearningmachinesfor ex-
ampleusingBoostingor Baggingmethod [4, 13], very oftenleads
toimprovedgeneralizatiopperformanceandanumberof theoretical
explanationshave beenproposel [13, 4, 10].

Bagging[4] is a particularensemblearchitectureconsistingof a
voting combinationof anumberof learningmachinesEachmachine
is obtainedby trainingthe sameunderlinelearningalgorithm,e.g.a
decisiontree,on a datasedravn randonly with replacemenfrom
aninitial training set. The size of this sub-samfed dataseis equd
to thesizeof theoriginal training set,but repetitionsof pointsoccur
Although theredoesnot exist a well-acceptedheory of Bagging
therearesometheoreticandexperimentaindicationsthatBagging
worksbetterwhentheindividual machineis “unstable”[4]. Instabil-
ity in this casemeanghatthemachinechangsalot with chargesof
thetrainingset.

In this papemwe presentsimplealgorithmfor learningstablema-
chineswhich is basedon recentresultsin statisticallearningtheory
[8]. Thealgorithmis similarto Breimans Baggingdespitesomeim-
portantdifferences(i) we let eachmachineuseonly asmallpart(i.e.
5-20%)of theoriginaltrainingdataformedby randomsamplingwith
replacement(ii) we considetthecasewhereclassificatioris dore af-
terthresholdinghe combinationof therealvaluedoutputsof eachof
themachinesThealgorithmis namedSubaggingandis summarized
in Figurel.
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I nput : - A setof i.i.d. dataDy = {(xi,%:) € X x {—1,1}}f_;
- A learningalgorithm A : (X x {-1,1}) = (X)®

(fp, dendesthesolutionof A trainedon D;)

Fort=1,...,T

e Sub-sanple r points from D,
Let D,(t) the obtained set.

eTrain A on D, to conpute fp, «

Qutput: 735, fo.)

Figurel. Subaggig algorithm.

In a Relatedwork [8] we analyzedthe characteristic®f this al-
gorithm. In particular we developed probabllistic bourds on the
distancebetweenthe empirical and the expectederror that, unlike
in the standardanalysisof Bagging[4], are not asympgotic. These
bounds formally suggesthat Subaggingcanincreasehe stability of
the learningmachineswhen theseare not stableand decreaseth-
erwise. Theseresultsare reviewed in Section2. In Section3 we
presentexperimentsvalidating this theory using supprt vectorma-
chinesandneuralnetworksasthe basemachine Theresultsindicate
that Subaggingcan significantly increasethe stability of thesema-
chineswhereaghe testerroris close(and sometimesetter)to that
of thesamemachinesrainedon thefull trainingset.

Anotherimportantpracticalconsegenceof ourtheoreticaresults
is that, since Subaggingimproves the stability, it can be easierto
controlthegenealizationerror. In Section4 we presenexperiments
suggestinghat the empirical error can indeedbe a good estimate
of the predictve performanceof Subagging This is a remarkable
propertywhich shavs the advantageof our ensemblemethodover
standardearningalgorithmsbasedon empiricalrisk minimization.

2 Theory

Let D, = {(xi,4:)) € X x {—1,1}}_; be the training set. A
learningalgorithmis a function A : (X x {-1,1})* = (X)®
which, given atraining set Dy, returnsa real valuedclassifierfp, :
X — TR. Classificationof a new input x is doneby taking the sign
of fp,(x). For simplicity we consideronly deterministicand sym-
metric algorithmsalthoughthe theory can be extendedto general
algorithmsby addinga randomizingpreprocessingtep.We denote
by D} thetrainingsetobtainedby removing point (x;, v;) from Dy,



thatis thesetD, \ {(x:, yi) }. We usethefollowing notionof stability
from [3]:

Definition: We saythatalearningalgorithmis 3,-stablewith respect
to atrainingsetsof size/ if thefollowing holds:

1F0,(6) = s ()| < Be

Roughlyspeakingheoutputof alearningmachineon anew (test)
point x shouldnot chang morethan 8, whenwe train the machine
with ary trainingsetof size andwhenwetrainthemachinewith the
sametraining setbut onetrainingpoint (ary point) removed. Bounds
on stability for mary algorithmswereprovedin [3].

It is possibleto relatethe stability of a learningalgorithmto his
generalizatiorerror, E ,)[0(—y fp, (x))], wherethe expectationis
taken w.r.t the unknown probalility distribution generatinghe data
andé is the Hearysidefunction,f(x) = 1, if z > 0, andzerooth-
erwise(for a discussionsee[7, 11, 3]). In orderto statethe results
we also definefor ary given constan § the empirical error Rgmp

on function f to be: Remp(f) = + Si_, ms(—yif(x:)), where
the function 75 (¢) is 0 for € < —4, 1 for ¢ > 0. and% + 1 for
—d < ¢ < 0 (asoftmamgin function). The following theoremfrom
[3] expressesherelationbetweergeneralizatiorandstability.

Vie{l,...,£},VYD,V(x,y) :

Theorem1 For any givend, with probability 1 — n the geneal-
ization misclassificationerror of an algorithm that is 3, stableis
boundedby:

Rémp(fp,) +2ﬂl + \/2% ( % + 1) ln(%)

We now discussa similar generalizatiorbound for an ensemble
of machines whereeachmachineusesonly r pointsdravn randomly
with the uniform distribution from thetraining data.To studysucha
system let us introducesomemore notationsthat incorporateshe
“random sub-sampling’effect. Let F;,, = Eb,[fp,] be the ex-
pectedcombinationof machinestrainedon sub-sample®f sizer.
The expectationis takenwith respecto thetrainingdataD, of size
r drawn uniformly from D,. The next theoremis from [8].

Theorem?2 For any given 4, with probability 1 — n the geneal-
ization misclassificatiorerror of the expectedcombindion Fp,, of
madinesead usinga sub-samplef sizer of the training setand
ead havinga stability 8, is bourdedby:

4r B, (4r,3r )2 1

_ 1 In(=

t3 T \/23 5 1) mG)

Proof (Sketch): The proof consistof bounding the stability of the
Subaggingprocedure To this end, it is sufficient to shav that the

stability of Fp,, is upperboundel by 2% andapply Theorem2.1
afterwards.

Rémp(Fp,) +

This theoremholdsfor ensemblecombinatiors thataretheoretically
definedfrom the expedation Ep,.[fp,.]. It doesnotapplyto afinite
combinationof machine compued by Subagging% Zthl font)-
Yet, whenT is large Rémp(Fh,) ~ Reémp(% 31, fp.()) and
whenT increaseshestability of thecombinal learningsystenmtends
to thestability of theexpedation Ep.,. [ fp,.] whichdoesnotimprove
afterT haspassed certainvalue.This valuemay correspod to the
corvergerceof thefinite sum-- Zthl fp.¢) tOits expectationw.r.t.
D, - Sed8] for aformaldiscussionThus,thecontrolof thetesterror
by the empiricalerroris mainly dueto the sub-samplingeffect and

notto the numbe of machineausedin the combindion. Thatmeans
thatincreasingI’ shouldritimprovethis control asmud asredudng
thevalueof r, afactwhich we experimentallyverified- SeeSection
3.

A consegenceof Theorem? is that, sincethe stability of £y, is

smallerthan 2’% , if this stability is betterthanthe stability of a sin-
gle machine(which equalsg,), the averageof functions fp_ (s pro-
videsa betterbound.However, in the othercase the boundis worse
andSubaggig shouldbe avoided.We have thefollowing corollary:

Corollary 2.1 If alearningmadinesis 3; stableandg—f < 2TT,then
combiningtheselearning madiinesvia Sukagging doesnot provide
a betterboundon the differencebetweerthe testand empirical er-

ror. Corversely, if 8¢ > 2r 7 thencombiningthesdearningmadines
leadstoa betterboundon thedifferencebetweerthetestandempir

ical error.

This corollary says that combining machine via Subaging
shouldnotbeusedif the stability of the singlemachineis very good.
However, it is not often the caseto have a highly stablesingle ma-
chine,sotypically Subaggingmprovesstability. In sucha situation,
the bounds presentedn this papershav thatwe have bettercontrol
of the generalizatiorerrorfor combinationof machinein the sense
thattheempirical error is closerto thetesterror.

At lastnoticethatthe bourds presentedio not necessadly imply
thatthe generalizatiorerror of Subaggimg is lessthanthat of single
machines(the r.h.s. of the bounds include both the empirical error
andthe stability), aremarkwhich alsobeenmadefor Bagging[4].

3 Experimental Results

We conducted a number of experimentsusing five datasetsrom

UCI®: Breast-CanceDiabetis,German)mage,andFlare-SolarWe

focusedmainly on two learningmachinesSupportVectorMachines
(SVMs) andNeuralNets. The goal of the experimentswasto study
how thetesterrorandthe absolutedifferencebetweertestandtrain-

ing error behave with the “free parametersdf Subaggingi.e. with

thenumberT of machinesandthepercentagd® of sub-samplessed
by eachmachine,P = 7 x 100. For bothSVM andNeuralNetswe

found that Subaggingdecreasgthe above difference thusincreas-
ing their stability. We now discusgtheseresultsandlink themto the
theoreticafindings.

3.1 SubaggingSVMs

We usedSVMs [14] by using a Gaussiarkernel. EachSVM was
trainedwith a fixed value of the regularizationparameteand vari-
anceof the Gaussiarwhich werepreviously computedusing10-fold
crossvalidation. Table 1 shavs the averagetest error (top row in
eachcell) andtheaverageabsolutadifferencebetweertestandtrain-
ing error (bottomraw in eachcell) with their standarddeviation as
afunction of the percentageP. The averagewas computedover 10
randomsplitsof theoverall datasetén testingandtraining. Thenum-
ber of machinescombinel by Subaggilg wasequalto 30. The last
columnin Tablel shavs theresultsof the SVM trainedon thewhole
dataset.

Theseresultsindicatethat the differencebetweentestand train-
ing error of one SVM usingall training datais, exceptthatfor the
Flare-Solardatasetaboutdoule the samedifferenceobtainedby

5 The dataseé along with a short descrption are available from
http://www.ics.uci.edi//mlean/MLReposibry.html



Subaggingwith P = 10%. At the sametime, the testperformance

of one SVM aloneis closeon four datasetsand betterthan Subag-
ging on the Image datasetIn otherwords the test performanceis

aboutthe same but the differencebetweertestand training error is

significartly smallerfor Subaging thanfor a singleSVM Notethat
the parameter®f the SVM were optimizedfor the single SVM, so

the performanceof Subaggings notthe optimalone.

The fact that the test error gets closerto the training error for
Subaggingcan be explained by Theoremsl and 2. Indeedif we
denoteby K the kernel of the SVM and by C' the regularization
parameterthe stability of an SVM can be bourded by % where
Kk = sup,cx K(x,x). Thus,because’ wasfixedto a constantin
our experimentsthestability doesnotdependnthesizeof thetrain-
ing sef. In this caseTheorem?2 gives a much tighter bound than
Theoreml.

Finally, we noticedthat the numbe T' of machinesis not very
important:combiningonly 10 SVMs givesalreadya good approx-
mationof the “true average”(We will adda figure shawing thisin a
futureversionof the pape).

Tablel. Subaggng SVMs.Averagetesterrorand(below it) the average
absolue differencebetweentestandtraining errorwith their standad
deviations for differentvalues of the percentageP of the sub-sampls. The
lastcolumn shaws theresultsfor the SVM trainedon thefull datasée

| Dataset | 5% | 10% | 20% | 1SVM |
Breast 285+ 48 | 27.1+£ 46 | 27.0+4.7 26.6+ 4.8
53+44 56+34 72143 9.0+ 5.0
Diabdis | 24.6+1.9 | 235+ 2.0 | 23.54+2.0 23.3+ 2.3
26+15 28+ 14 3.1+1.7 54+1.8
German | 26.2+2.7 | 243+ 1.9 | 23.8+2.2 || 23.4+ 1.7
27+14 26+ 1.6 3.1+18 6.7+ 2.2
Image 8.9+0.8 7.1+0.8 4.7+0.7 3.0+ 0.6
0.8+ 0.6 0.7+0.8 0.7+ 0.7 1.7+ 0.6
Solar 33.84+2.3 | 34.04+1.9 | 33.5+2.7 || 34.9+3.0
25+2.0 24+19 25+22 3.1+19

3.2 SubaggingNeural Nets

Neural Netswere trainedwith the conjugategradient(see[12] for
details).We usedathreelayersnetwork architecturewith tenhidden
units. Theinitial momerium, thelearningrate theattenuatéearning
rate, the error limit andthe iterationlimit werefixed for all of the
machinesAlso, we did not apply ary heuristicsin orderto find the
initial parameterdor the Neural Network - they were chosenran-
domly apriori. Table2 shavs the experimentalresults(the settingis
thesameasin Tablel).

Like in the caseof SVMs, theresultsindicatethat Subaging de-
creaseshedifferencebetweertestandtrainingerror Thetheoretical
explanationis more delicatein this case,becauseve do not know
theoreticallythe stability of NeuralNets.However, this doesnot re-
ducetheinterestof thediscussiorsincetheformertheoreticaresults
hold for very generalalgorithmsassoonasuniform stability canbe
defined.

We alsonoticedin a separateseriesof experimentshatthe above
differenceis moresensitve to the sizeof the sub-samfe thanto the
numberof the machinesIn particularthe testerror decreaseandit

6 Thediscussiorbecomesnoretricky if we let C beafunction of the sizeof
thetraining set, see[8].

Table2. Subagging\euralNets.Averagetesterrorand(belowit) the
avergge absolue differencebetweentestandtraining errorwith their
standad deviation for different valuesof the percertage P of the
sub-samplesThelastcolumnshaws theresultsfor the NeuralNet trained on
thefull datasé

[Datasé\ P | 5% ] 10% | 20% [ INN ]

Caner || 26.7£58 | 27.90£3.7 | 28.6£34 || 32.6£5.7
53+45| 6.4+36| 11.0+5.2 | 30.1+55

Diabets || 24.3£20 | 242125 | 24.3£2.6 || 28.6E 13
32423 | 52429 | 82425 243+17

German || 245£2.2 | 246128 | 23.7£ 19 || 200£2.7
29420 | 49430| 82433 277429

Image 88108 | 57E06| 45E18| 96%182
15+16 | 15+23| 1.8+25| 7.8+189

Solar 354E1.7 | 35425 | 350+ 16 || 338X 1.7
30+£18| 37+20| 36+20]| 28+22

stabilizeswhenthe numberof machinesombineds greaterthan50
(Wewill addafigureshawing thisin afutureversionof the paper).

3.3 Applying Subaggingto Other Machines

We alsocarriedour experimentswith DecisionTreesandk—Nearest
Neighbors(not shavn here).For k—NearestNeighborsthe experi-

mentsdoneshaved that Subaggiig doesnot decreas¢he difference
betweertestandtrainingerror The k—NearestNeighbasis known

to be a stablealgorithm[4] and his stability scalesas% [7], which

means(with Corollary 2.1) that Subaggingshoudn’t help. Experi-
mentsandtheoryarethusconsistentin the caseof decisiontreeswe

foundthesametrendaswith SVMs andNeuralNets.

4 Model Selecton Using Small Sub-samples

The boundin Theorem2 implies that the empirical error of Sub-
aggingcanbe a goodindicator of the expectederror of the combi-
nationsof the machinesgspeciallyfor small sub-samplesizes.For
example,in the caseof SVMs the stability doesnot depem on the
varianceof the kernel. Thus, if we believe Theorem?2 is predictie,
we mayjusttry to selecthebestvalueof thevarianceby minimizing
theempiricalerror

To further explore how the empirical error of Subaggingcan be
usedfor modelselection,we performedone more seriesof experi-
ments.We focusedonly on two datasetsnamelyBreast-Canceand
Diabetis.

We first comparednesingle SVM anda Subaging combiration
of 30 SVMs eachusing a small percentagef the original training
set.Eachof thesetwo architecturesvastrainedon differentvalues
of theregularizationparameteandvarianceof the Gaussiarkernel.

Figures2 and3 shaw testandtrainingerrorasa functionthe vari-
anceof the Gaussiarkernel(for the samefixed value of theregular
izationparameteunsedin Section3.1)for Breast-cancesindDiabetis
datasetsespectrely - noticethatthe scalesf they-axis of the plots
aredifferentfor singleand Subaggiig SVMs. For both datasetsthe
training error of the SVM alone mondonically increaseswith the
varianceof the GaussianThen,asexpected,n this casethetraining
error canrot be usedfor modelselection.On the otherhand,in the
caseof Subaggingthetraining error hasa minimum fairly closeto
theminimum of thetesterror.

Figures4 and5 shaw testandtrainingerrorfor our two datasetsas
a function of thelogarithmof the regularizationparameterin these
figuresthetesterrorpresentalarge“U” shapeHowever, in thecase



Figure2. Breastcaner dataset: TestandTraining errorasa function of
the varianceof the Gaussiarkernd. (Left) Onesingle SVM, and(Right)
Subagdng 30 SVMs trained on 10% of the data.

Figure 3. Diabdis dataset: TestandTraining errorasa function of the
varianceof the Gaussiarkernd. (Left) Onesingle SVM, and(Right)
Subaggng 30 SVMs trainedon 5% of the data

Figure4. Breastcanerdataset: TestandTraining errorasa function of
the logarithm of the regularization paraneter (Left) Onesingle SVM, and
(Right) Subaggig 30 SVMs trained on 10% of the data.

Figure5. Diabdis dataset: TestandTraining error asa function of the
logarithm of the regularization paraneter (Left) Onesingle SVM, and
(Right) Subagging 30 SVMs trainedon 5% of the data

of Subaging, it is still possibleto well locatetheminimumof thetest
error by looking at the minimum of the training error. Thus,the ex-
perimentsndicatethatfor Subagingby smallsub-samplethetrain-
ing error caneffectivelybeusedfor modelselectionNoticealso,that
in all caseshetesterror for Subaggings only slightly biggerthan
thetesterrorof asingleSVM.

In thecaseof NeuralNets,wetried to selectthe numberof hidden
units of the Neural Nets. Table 3 shavs the averagetestandtrain-
ing errorfor onesingleNeuralNetsandSubaggiig NeuralNetswith
P = 5% for differentnumbersof hiddenunits. Although this exper
imentis only preliminary(we usedonly four differentvaluesfor the
hiddenunites)it indicatesthatthetraining error canpredictthe best
choiceof theparameter for Subagging

The factthat, in the caseof Subaggingwith small sub-samples,
the empirical error canbe usedfor model selectionis, asfar aswe
know, a quite surprisingresult.For standardearningalgorithms,in-
steadtheempiricalerroris anincreasingunctionof themodelcom-
plexity, i.e. the compleity of the hypothesisspaceusedfor learning
(measuredor examplethroughthe VC-dimensionof thatspace)As
a conseqence,to perform model selection,one typically needsto
useothererror estimatesuchasthe leave-one-ot error [7]. How-
ever, thecomputatiorof theseerrorestimatess, in generalyery ex-
pensve. Then,the factthatjust the training erroris goodenoughto
performmodelselectionis a very pleasanpropertyof out learning
algorithm.

Table 3. Resuts on NeuralNetswith differenttrained on different
numbersof hiddenunits.Eachcell shavs the testerrorand(belowit)
empirical errorwith their standad deviations.

[ H.Units ] 0] 7] 5] 10 ]
Caner 288L33 | 301L£25] 3551 4.3 326L57
(INN) 21.9+13 | 171418 | 59+0.9 || 25.0+ 0.9
Caner 266L31| 325132 | 284134 | 26758

(Suggabig) || 22.4+1.6 | 244+ 13 | 234+ 16 || 233+ 15
Diabeis || 23.6L25| 262+£32 | 284L1.0] 286L13
(INN) 204+23 | 196456 | 107+2.3 | 43+15
Diabeis || 24.6L24 | 252£16 | 250£ 1.9 || 243L20
(Subaging) || 22.84+2.5 | 226+ 1.7 | 21.9+25 || 21.6+2.1

5 Conclusionsand Futur e Work

We presentedsubagginga learningalgorithmwhich combiresthe
outputof real-waluedclassifierseachtrainedon small randan sub-
sampleof theoriginal training set.

Wereportedexperimentausinganumberof learningmachinesand
datasetsvherewe studiedthe characteristic®f this algorithm.The
resultsindicatethatSubaggilg improvesthestability of unstablema-
chineswhile thetesterroris close(andsometimedetter)thanthatof
thesemachinegrainedonthewhole datasetWe alsoshavedthat,in
the caseof Subaggingthe empiricalerrorof canbe usedfor model
selection,unlike the caseof single machinestrainedusing all the
trainingdata.Theseexperimentafindingssuppat thetheoreticare-
sultsdiscussedn Section2 and suggesthat Subaggings a viable
techniquefor learningstablemachines.

In the future it could be interestingto further study how the dif-
ferencebetweertestandtraining error of Subagginglepend onthe
size of the sub-samplingandhow to experimentallyinfer from this
theform of the stability of the underlinelearningmachineasafunc-
tion of the sizeof the training data.Anotherfuture directionfor re-



searchs to explorehow to extendourtheoreticaframevork to other
ensemblemethoddike Boosting.
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