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Abstract. Shapeanalysishasplayeda centralrole in many prob-
lemsin vision andperception,beingan active multidisciplinaryre-
searchfield. In thiscontext, thispaperintroducesanew shapeanaly-
sisapproachusingthewell known wavelet transformandexploring
shaperepresentationby landmarks.This work shows how to obtain
a time signal from the landmarksrepresentation,which undergoes
thewavelet transform,aswell asa usefulgeometricalinterpretation
usingtwo specialmotherwavelets,i.e.thefirst andthesecondderiva-
tivesof thegaussian.Successfulexperimentalresultsobtainedfrom
realdataarealsodiscussed.

1 INTR ODUCTION

Many problemsin computervision can be reducedto analyzing
shapesin images,finding important applicationsin various disci-
plines suchas biology and medicinee.g. for evolution studies[4,
6, 5, 10, 18]; andvisual arts,securityandInternet,whenmultime-
dia documentsareused[9, 3]. In fact, shapeanalysishasplayeda
centralrole in perceptionandsignalunderstanding[13]. This paper
introducesa methodfor shapeanalysisbasedon landmarksandthe
wavelet transform.Although the presentpaperonly dealswith 2D
data,it is arguedthatthetechniquecanbestraightforwardlygeneral-
izedto include3D shapes.

Therearedifferentmethodsfor suitably representingshapesfor
their subsequentanalysis.The computer vision community has
mainly followedtwo approaches,namelycontour-basedandregion-
based[9, 14, 16]. Amongthemultitudeof techniquesfor analyzing
shapesbasedon suchrepresentations,it is worth emphasizingthe
key role playedby signalprocessingmethods,suchasFourier and
wavelets,which have proven to be amongthe mostsuccessfuland
widely exploredones[17, 12]. In particular, the wavelet transform
hasbeensuccessfullyappliedin many problemsin signalandimage
processing,suchasanalysisof singularities[2], imagefusion[7] and
shapeanalysis[1]. In fact, the wavelet transformhasbeenusedas
a tool for contour-basedshapeanalysisthathasproven to beuseful
due to its nice mathematicalpropertiessuchas unicity, invariance
and covarianceto geometricaltransformationsand time-frequency
localization.

On the otherhand,the analysisof forms in naturalscienceshas
evolvedasanimportantdisciplinefrom theclassicalwork of D’Arcy
Thompson[20] known asmorphometrythatintensively exploresge-
ometricalandstatisticalinformationfrom shapes[6, 19, 10]. Thelat-
ter makes extensive useof landmarksrepresentationof shapes,al-
�
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Figure1. (a)Original image;(b) Shapecontours;(c) Landmarks;(d)
Shapepolygonalrepresentation.(ThePiabucufish in (a)hasbeenreprinted

from “História NaturaldoBrasil”, [15])

lowing thecomparisonbetweenshapesbasedoncorrespondingland-
marksthatarecalledhomologous[5]. Landmarksarespecialpoints
locatedin key regionsof theshapeof interest.It is importantto note
that landmarksdataconsistsin oneof themainapproachesfor ana-
lyzing andcomparingformsin many areassuchasbiology, geology,
anthropologyand dentistry, to namebut a few [12]. Nevertheless,
few workshave exploredtheanalysisof landmarks-basedshapesus-
ing differentialandmultiscalemeasures,which have alreadyshown
to surpassmonoscaletechniquesin many situations.

Table 1. Landmarks(Inhaledin [8])

1 anteriortip of thesnouton theupperjaw
2 origin of pelvic fin
3 origin of spinousdorsalfin
4 origin of analfin
5 origin of soft dorsalfin
6 insertionof analfin
7 insertionof 2nddorsalfin
8 insertionof 1stventralcaudalfin ray
9 insertionof 1stdorsalcaudalfin ray

Thiswork presentsanew techniqueto analyzelandmarksdataex-
ploring theusefulwavelettransformcapabilitiesandgeometricalin-
terpretation(in thecaseof derivatives-of-gaussianmotherwavelets).
This work is organizedas follows. Section2 shows how complex-
valuedsignals,requiredas input for the wavelet transform,canbe
obtainedfrom thelandmarks.Thewavelet transformof thethusob-



tainedlandmarkssignalis discussedin Section3. Section4 presents
somesuccessfulresultsusingreal data.Finally, our concludingre-
marksarepresentedin Section5.

2 FROM LANDMARKS TO SIGNALS

In general,computationalshapeanalysisstartswith anobjectof in-
terestrepresentedin a color or gray-level imageasinitial data.Such
an imageis often transformedto a suitabledatastructurefor shape
analysis,such as a contour representationof the object. In these
cases,it is possibleto apply proceduresthat transformthe origi-
nal imagein a binary one,and then,contourextractionalgorithms
canbeapplied(figure1 (a) and(b)). Furthermore,asit hasalready
beenmentioned,landmarksconsistin a usefulwidely adoptedshape
representation.Morphometricslandmarkscanbebiologicalprocess
pointslocatedbecauseof somebiologicalbackgroundreason(seein
figure1 (c) landmarksreferringto thetable1). In othercases,wecan
definesingularitypoints,suchascurvaturemaxima,aslandmarks.
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Figure2. Landmarkrepresentationof asquare.
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Figure3. Interpolatedlandmarksof figure2.

We follow theapproachproposedin [1], in which theinput to the
wavelettransformis acomplex signalrepresentingtheshape.Firstly,
the landmarksareorderedso that, whentwo shapesarecompared,
thehomologiesbetweenthemarepreserved(i.e. thelandmarksfrom
all shapesareorderedin a consistentmanner, so that the � -th land-
mark of eachshapeis a homologyw.r.t. the � -th landmarkof all
other consideredshapes).The sequenceof orderedlandmarkscan

be viewed as the verticesof a polygonal line, being subsequently
interpolated(linear interpolation,asshown in figure1 (d)). This in-
terpolationguaranteesthat the points along the polygonal line are
uniformly spaced,which is fundamentalin applyingsignalprocess-
ing methodssuchaswavelets.A byproductof this procedureis the
fact that the total numberof interpolatedpointscanbechosento be
power of 2, thusallowing theapplicationof efficient (i.e., ���	��

����� )
FFTalgorithmsto calculatethewavelettransform.It is worthnoting
that, in orderto have a periodicsignal that minimizesthe wavelets
bordereffects,it is importantthatthefirst landmarkto benearto the
last(not thesame),whatcanbedoneby theinterpolationprocedure.

Thus,a landmarkset � is interpolatedgeneratinga setof points
(i.e. the polygonalline) denotedas ������������������������������� . Therefore,
thesignal ������� canbedefinedasin equation1 andappliedasinput
for wavelettransform,asshown in thenext section.

������� �!�������
"$#%������� (1)

3 POLYGONAL WAVELET TRANSFORM

Wavelettransformsaremathematicaltoolsfor signalprocessingthat
canbe appliedin shapeanalysis[9]. They emphasizehow the fre-
quentialcontentof the signal changeswith time, consideringthat
higher frequenciesoccur in short intervals while low frequencies
spreadin larger intervals.Let ������� be the complex signalrepresen-
tationobtainedfrom thelandmarksasexplainedin previoussection.
Thecontinuouswavelettransformof ������� is definedas
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��-K� is thewavelettransformof ������� , .MLON is thescale

parameterand - is theshift parameterof themotherwavelet
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Figure 4. Wavelettransformwith first gaussianderivative motherwavelet
appliedin thesignalof figure3.

In casethe signal ������� is constructedto representa shapecon-
tour, this transformis called P -representation[1]. This shapeanal-
ysistool hasbeensuccessfullyappliedto differentobjects,including



for morphologicalclassificationof neuralcells [9]. In this work, we
show how it canbeexploredfor analyzingthe landmarksdata,and,
oncethesignal ������� representsa polygonalline, theobtainedrepre-
sentationis calledpolygonalwavelettransform. The following sec-
tion presentsdetailedanalysisof the gaussianwavelet geometrical
properties.

3.1 GaussianWavelet Transform Inter pretation

It is remarkablethe importanceof differentiationoperatorsin the
context of signalanalysis.For example,the tangentvectorandthe
curvature,two of themainaspectsregarding2D shapes,arebasedon
curve differentiation,allowing the identificationof othershapefea-
turesasinflectionpoints,convex andconcavecorners,differentmea-
suresof complexity. Thedifferentiationpropertyof theFourier trans-
form, togetherwith the convolution theorem,allows applying the
wavelet transformwith n-th derivative-of-gaussianmotherwavelet
as an approximationof n-th derivative of ������� . This fact was ex-
ploredby A. Grossmanin his classicalpaper[11]. Thesearesome
of themany advantagesof calculatingthederivative of signalsusing
wavelets,thusexplaining the interestof performingshapeanalysis
usingthe derivatives-of-gaussianmotherwavelet (like the Mexican
hat,i.e. thesecondderivative of thegaussian).

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4
Landmarks − vector representation

 <−− P1

 <−− P2

 <−− P3

 <−− P4

 <−− P5

 <−− P6

 <−− P7

 <−− P8

 <−− P9

Figure 5. Vectorrepresentationcorrespondingto figure2.
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1rst Derivative in P7

Figure6. First derivative of thesignalof figure3 in P7,estimatedby finite
differences.

Furthermore,by takingthefinite differencesmethodasanapprox-
imationof thederivativesfor thediscretecase,this kind of wavelet
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Figure7. (a) Q R ��S:��T differentiationmotherwavelet;(b)Firstderivative of
thegaussianmotherwavelet.

transformsmay be taken as a linear combinationof vectors.The
landmarkrepresentationof anobjectcanbeviewedasa setof vec-
tors locatedat the systemorigin (seefigure 5). Using this repre-
sentation,it is possibleto approximatetangentvectorof the inter-
poledsignal in eachpoint using the wavelet transform.Therefore,
let �������U�V�������0"!#%�
����� be a signal representingsomepolygonal
line. For each��W , �������DWX�����
���DWK��� definesa vectorcenteredat theori-
gin (i.e. �YNZ��N%� ) andpointing to ������� W ���D����� W ��� (figure 5). Thus,we
canestimatethetangentvectorof ������� at � W asthevectordifference[\^]	_�` � [\%_a`Xb � ; [\%_�` 8 � . For example,in figure 6 the tangentvector
of the signalat P7 is calculatedby differencebetweenthe vectors
definedby P8andP6points,respectively.
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Figure 8. First derivative of thesignalof figure3, estimatedby wavelet
transformwith first gaussianderivative motherwavelet(figure4.

Observe that
[\ ]a_�` canbe equivalently definedas

[\ ]	_�` � ) ��� W ;3 ������� W ; 3 ���%"$� ) ��� W ������� W ���?"$� ) ��� W " 3 ������� W " 3 � , for
) ��� W ; 3 � �; 3 , ) ����WX�c�VN and

) ����Wd" 3 �U�e" 3 , denotedas
' ; 3 N 3 * . This

is locally equivalent to an inner productbetween
)

and � around��� W � . This ideacanbe generalizedby taking
)

asa wavelet and,in
the caseof the first derivative-of-gaussian,a smoothedversionof' ; 3 N 3 * (seefigure7 (a) and(b)). Thewavelet transformusingthe
secondderivative-of-gaussiancanalsobe geometricallyinterpreted
usingvectorsin ananalogousway.

4 RESULTS

Thepolygonalwavelet transformhasbeenappliedin theclassifica-
tion of realcasesbraindatain orderto evaluateits effectivenessasa
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Figure 9. Landmarks

landmarks-basedshapedescriptor. Wehaveusedadatasetcomposed
by 13 anatomicallandmarksfor 28 parasagittalbrain images(table
2). Amongtheconsideredtrainingsamples,fourteencasesweredi-
agnosedschizophrenicandotherfourteenareconsideredhealthy. 3

Table 2. Schizophreniadiagnosislandmarks

1 splenium,posteriormostpointoncorpuscallosum
2 genu,anteriormostpointoncorpuscallosum
3 topof corpuscallosum,uppermostpointonarchof

callosum(all threeto an approximateregistration
on thediameterof thecallosum)

4 top of head,a point relaxed from a standardland-
markalongtheapparentmargin of thedura

5 tentoriumof cerebellumat dura
6 topof cerebellum
7 tip of fourthventricle
8 bottomof cerebellum
9 topof pons,anteriormargin
10 bottomof pons,anteriormargin
11 opticchiasm
12 frontal pole,extensionof a line from 1 through2

until it intersectsthedura
13 superiorcolliculus
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Figure 10. Interpoledlandmarksof figure9.

Thepreviously introducedsignalextractionmethodologyhasbeen
thenappliedto this setof landmarks,asillustratedin figures9 andf

This data set can be found in the public morphometricsdatabaseat
http://life.bio.sunysb.edu/morph/datasets.html.

10. Thesesignalshave beenusedasinput to thepolygonalwavelet
transformusing the first derivative-of-gaussianmotherwavelet, as
shown in figure 11). The training sethasbeenthenclassifiedby a
clusteringalgorithmknown aslinkage[9]. Theclusteringprocedure
requiresthedefinitionof a distancebetweenthesamples,which has
beendoneusingthewaveletspoint to point absolutedifference.Let
two shapesfrom the trainingsetberepresentedby thecomplex sig-
nals g
����� and ������� . Let h 1 ��.B��-K� and i 1 ��.B��-X� bethewavelet trans-
form of g������ and �j����� respectively. Then,thedistancebetweeng
�����
and ������� , denotedas =B�YgB����� , is definedas:

=B�YgB����� �!k<��l h 1 ��.B��-K��;<i 1 ��.B��-K�Xl � (4)

wherekm�Yno� is themeanvalueof thematrix n .
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Figure 11. Wavelettransformwith first derivative motherwavelet
correspondingto signalof figure10.

Observe that the initial data was divided betweendiagnosised
schizophreniccaseslabeled p 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17,
18, 19, 20q andnormalcaseslabeled p 1, 2, 3, 4, 5, 11, 21, 22, 23,
24,25,26,27,28q .

Theoutputof the linkagealgorithmcanberepresentedasa den-
drogram,asshown in figure12, thusemphasizingthesimilarity be-
tweenthesamplessubsets.Thedendrogramshowstheschizophrenic
andnormalcaseslabelsindicatedabove.Theclassificationalgorithm
hasgrouped,asschizophreniccases,thefirst 13samples(from left to
right) asshown in thedendrogramof figure12.Thecorrectrecogni-
tion ratefor theschizophrenicclassis r?sZ�Ft>u , while for thenormal
classis r%N%u . Finally, additionalexperimentsusing both synthetic
andrealdatahavebeenperfomadproducingequallyencouragingre-
sults.

5 CONCLUDING REMARKS

Thispaperhaspresentedanew approachfor landmarks-basedshape
analysisusing the wavelet transform.The proposedtechniquehas
beensuccessfullyappliedto realdataandthecorrespondingresults
havebeenshown. It shouldbementionedthat,althoughtheapproach
discussedhereconcentratedon the 2D case,it can be straightfor-
wardly generalizedto 3D data,just requiringthe formationof a 3D
polygonalline joining the landmarksin somea priori definedorder.
In this case,a complex signalwould not beused(in thesenseof the
2D casewhere �������v�w��������"<#%�
����� . Instead,threedistinct realsig-
nals ������� , �
����� and x/����� shouldundergothewavelettransformandbe
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Figure12. Classificationwith distanceparameteraswaveletspoint to
point difference.

usedto form a 3D arrayof coefficientsthatcouldbeusedasfeatures
for a classificationalgorithm(e.g.theaforementionedlinkage).It is
worth mentioningthat theproposedapproachgeneralizesthe capa-
bilities for wavelet-basedshapeanalysis,in the sensethat it could
beappliedto anyobjectrepresentedby landmarks,not just contour-
basedshapes,whicharelimited to connectedcomponents.Exploring
such3D andotherobjectsfor classificationareamongour ongoing
projectsin developingtheproposedtechniques.
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